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Solid solution strengthening
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Particle strengthening
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Coherency hardening

Surface hardening

Order hardening

Stacking fault hardening

Modulus hardening

τ ∝ √r
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Orowan equation

τ =
2T

bL
≈ µb

L
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Grain boundary strengthening
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Number of dislocations in pile up: n ≈ τ0L
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Hall-Petch equation

I apply an additional shear stress, τ , to the pile-up and the resistance
due to the GB is (τ − τi). τi is the friction stress. Maximum stress
in the next grain (Stroh) is

τmax = (τ − τi)
√
L/4r (1)

When τ reaches the shear stess in yielding, τy, sources are activated
in the next grain. So (1) becomes

τy = τi + (τmax × 2
√
r) L− 1

2

I can identify L with the grain size, d; and after converting to tensile
stress I get the Hall-Petch equation,

σy = σi + kyd
− 1

2
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Objective

Grain 

Size

Varistors

Hall-

Petch

Creep

Dislocation Pile-ups

• The central idea is that dislocations are forced to

pile up at grain boundaries, either because there is
a barrier to crossing over into the next grain, or

because a source must be activated in the next

grain.

[Courtney]

σy = σi + kyd
− 1

2 (Hall–Petch equation)

(τs − τi)nb ≈ 2γs −→ σf ≈
4µγs
ky

d−
1
2 (Cottrell–Petch equation)
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The Fe–C phase diagram
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1/26/2011

4

Fe-Fe3C Phase Diagram, Materials Science and Metallurgy, 4th ed., Pollack, Prentice-Hall, 1988 
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Cooling / heating at 0.125◦C per minute
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Diffusivity
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Phase transformations in steel
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α′ αLB αUB αa αW α αi P

Nucleation and growth reaction Y Y Y Y Y Y Y Y
Plate morphology Y Y Y Y Y N N N
IPS shape change with shear component Y Y Y Y Y N N N
Diffusionless nucleation Y N N N N N N N

Only carbon diffuses during nucleation N Y Y Y Y N N N
Reconstructive diffusion during nucleation N N N N N Y Y Y
Often nucleates intragranularly on defects Y N N Y N N Y Y
Diffusionless growth Y Y Y Y N N N N

Reconstructive diffusion during growth N N N N N Y Y Y
All atomic correspondence during growth Y Y Y Y N N N N
Substitutional atomic correspondence during growth Y Y Y Y Y N N N
Bulk redistribution of substitutional atoms during growth N N N N N S S S

Local equilibrium at interface during growth N N N N N S S S
Local para-equilibrium at interface during growth N N N N Y S S N
Diffusion of carbon during transformation N N N N Y Y Y Y
Carbon diffusion-controlled growth N N N N Y S S S

Cooperative growth of ferrite and cementite N N N N N N N Y
High dislocation density Y Y Y Y S N N N
Incomplete reaction phenomenon N Y Y Y N N N N
Necessarily has a glissile interface Y Y Y Y Y N N N

Always has an orientation within the Bain region† Y Y Y Y Y N N N
Grows across austenite grain boundaries N N N N N Y Y Y
High interface mobility at low temperatures Y Y Y Y Y N N N

Displacive transformation mechanism Y Y Y Y Y N N N
Reconstructive transformation mechanism N N N N N Y Y Y

† “. . . a reproducible relation which may be irrational but is close to the rational N–W or K–S relation.”

martensite: α′; lower, upper bainite: αLB, αUB; acicular, idiomorphic ferrite: αa, αi;
Widmanstätten ferrite: αW; allotriomorphic and massive ferrite: α; pearlite: P

Y: yes; N: no; S: sometimes After H. K. D. H. Bhadeshia and J. W. Christian
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TTT diagrams
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transformations may occur. The temperature Th may equal the bainite start temperature Bs if the
hardenability is high enough, but otherwise, Th¼Ws where Ws is the Widmanstätten ferrite start
temperature (Figure 12). The latter does not form in high-hardenability steels and we shall discuss in
this lecture the detailed differences between bainite and Widmanstätten ferrite.

Bainite is a nonlamellar aggregate of carbides and plate-shaped ferrite (Figure 13). As we shall see
later, the carbide part of the microstructure is not essential; the carbides form as a secondary reaction,
rather as in the tempering of martensite. The ferrite plates are each about 10 mm long and about 0.2 mm
thick, making the individual plates invisible in the optical microscope.

Upper bainite consists of clusters of platelets of ferrite adjacent to each other and in almost identical
crystallographic orientation, so that a low-angle boundary arises whenever the adjacent platelets touch.
The ferrite always has a Kurdjumov-Sachs-type orientation relationship with the austenite in which it
grows.

Elongated cementite particles usually decorate the boundaries of these platelets, the amount and
continuity of the cementite layers depending on the carbon concentration of the steel.

The clusters of ferrite plates are known as “sheaves” (Figure 14); each sheaf is itself in the form of
a wedge-shaped plate on a macroscopic scale. The sheaves inevitably nucleate heterogeneously at
austenite grain surfaces. The cementite precipitates from the carbon-enriched austenite between the
ferrite plates; the ferrite itself is free from carbides. Cementite precipitation from austenite can be
prevented by increasing the silicon concentration to about 1.5 wt%; this works because silicon is

Figure 12 TTT diagrams showing the different domains of transformation.

Figure 13 Schematic illustration of the microstructure of upper and lower bainite.

Physical Metallurgy of Steels 2171

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy
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because it is possible to show that this is an experimental artifact caused by the inability to detect the
two C-curves separately.

A further feature to note (Figure 11, Fe–Mn–C) is that the lower C-curve representing displacive
transformations has a flat top. This represents the highest temperature Th at which displacive

Figure 10 Calculations for Fe–0.1C wt% steel. (a) Influence of austenite grain size. (b) Influence of tensile stress. (c) Change
in mean linear intercept for austenite grains as a function of plastic strain. (d) The effect of mechanical stabilization and
grain refinement on the martensite start temperature.

Figure 11 TTT diagrams for two steels, one of which has a high hardenability.

2170 Physical Metallurgy of Steels

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy
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Decomposition of austenite
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Growth of proeutectoid ferrite
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21.6.1 Diffusion-Controlled Growth in Fe–C

The ferrite has a different chemical composition from the austenite in which it grows. We shall assume
that the growth of ferrite (a) is controlled by the diffusion of carbon in the austenite (g) ahead of the
interface.

As the ferrite grows, so does the extent of its diffusion field. This retards growth because the solute
then has to diffuse over ever larger distances. As we will prove, the thickness of the ferrite increases with
the square root of time, that is, the growth rate slows down as time increases. We will assume in our
derivation that the concentration gradient in the matrix is constant, and that the far-field concentration
c never changes (i.e. the matrix is semi-infinite normal to the advancing interface). This is to simplify the
mathematics without loosing the insight into the problem.

A theoretical treatment of the thickening of allotriomorphs follows the same procedure as outlined
in eqn (14) and Figure 26. However, unlike the case for Widmanstätten ferrite, the solute accumulates
in front of the interface so the diffusion distance Dz is no longer constant, so an additional condition is
necessary to calculate the growth rate as a function of time. A second equation can be derived by
considering the overall conservation of mass

ðcag " cÞz$ ¼ 1
2
ðc" cgaÞDz: (19)

On combining this with eqn (14) to eliminate Dz we get

vz$

vt
¼ Dðc" cgaÞ2

2z$ðcag " cgaÞðcag " cÞ
: (20)

It follows that

z$f
ffiffiffiffiffiffi
Dt

p
:

Figure 29 Allotriomorphic and idiomorphic ferrite.

Physical Metallurgy of Steels 2185

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy
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Slide 41driving force is not sufficient to support the strain energy associated with a single plate. Widmanstätten
ferrite formation therefore involves the simultaneous and adjacent cooperative growth of two plates,
which are crystallographic variants such that their shape deformations mutually accommodate
(Figure 25b). This has the effect of canceling much of the strain energy.

It follows that what is seen as a single plate in an optical microscope is actually a combination of two
variants, usually separated by a low-misorientation boundary (Figure 25c). Widmanstätten ferrite has
a habit plane which is close to {5 5 8}g. Hence, the two plates au1 and au2, which have different
variants of this habit with the austenite, together form the thin-wedge shaped plate which is charac-
teristic of Widmanstätten ferrite. A self-consistent set (Bhadeshia, 2011) describing the crystallography
(Watson and McDougall, 1973) of a plate of Widmanstätten ferrite has the habit plane normal:

P ¼ ð0:5057 0:4523 0:7346Þg;

Figure 25 (a) A single IPS shape deformation. (b) The combined effect of two mutually accommodating back-to-back
IPS deformations. (c) The morphology of two plates, with different habit plane variants, growing together in a mutually
accommodating manner.

Figure 24 Morphology of primary and secondary Widmanstätten ferrite.

Physical Metallurgy of Steels 2181

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy
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Widmanstätten ferrite
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driving force is not sufficient to support the strain energy associated with a single plate. Widmanstätten
ferrite formation therefore involves the simultaneous and adjacent cooperative growth of two plates,
which are crystallographic variants such that their shape deformations mutually accommodate
(Figure 25b). This has the effect of canceling much of the strain energy.

It follows that what is seen as a single plate in an optical microscope is actually a combination of two
variants, usually separated by a low-misorientation boundary (Figure 25c). Widmanstätten ferrite has
a habit plane which is close to {5 5 8}g. Hence, the two plates au1 and au2, which have different
variants of this habit with the austenite, together form the thin-wedge shaped plate which is charac-
teristic of Widmanstätten ferrite. A self-consistent set (Bhadeshia, 2011) describing the crystallography
(Watson and McDougall, 1973) of a plate of Widmanstätten ferrite has the habit plane normal:

P ¼ ð0:5057 0:4523 0:7346Þg;

Figure 25 (a) A single IPS shape deformation. (b) The combined effect of two mutually accommodating back-to-back
IPS deformations. (c) The morphology of two plates, with different habit plane variants, growing together in a mutually
accommodating manner.

Figure 24 Morphology of primary and secondary Widmanstätten ferrite.

Physical Metallurgy of Steels 2181

Physical Metallurgy, Fifth Edition, 2014, 2157–2214
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Acicular ferrite
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Calculated TTT for
0.1C–0.68Si–1.24Mn–0.04Ni–0.01Mo–1.87Cr–0.007Al–0.015Ti
(274ppm O 168ppm N)
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Decomposition of austenite
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TTT diagrams
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transformations may occur. The temperature Th may equal the bainite start temperature Bs if the
hardenability is high enough, but otherwise, Th¼Ws where Ws is the Widmanstätten ferrite start
temperature (Figure 12). The latter does not form in high-hardenability steels and we shall discuss in
this lecture the detailed differences between bainite and Widmanstätten ferrite.

Bainite is a nonlamellar aggregate of carbides and plate-shaped ferrite (Figure 13). As we shall see
later, the carbide part of the microstructure is not essential; the carbides form as a secondary reaction,
rather as in the tempering of martensite. The ferrite plates are each about 10 mm long and about 0.2 mm
thick, making the individual plates invisible in the optical microscope.

Upper bainite consists of clusters of platelets of ferrite adjacent to each other and in almost identical
crystallographic orientation, so that a low-angle boundary arises whenever the adjacent platelets touch.
The ferrite always has a Kurdjumov-Sachs-type orientation relationship with the austenite in which it
grows.

Elongated cementite particles usually decorate the boundaries of these platelets, the amount and
continuity of the cementite layers depending on the carbon concentration of the steel.

The clusters of ferrite plates are known as “sheaves” (Figure 14); each sheaf is itself in the form of
a wedge-shaped plate on a macroscopic scale. The sheaves inevitably nucleate heterogeneously at
austenite grain surfaces. The cementite precipitates from the carbon-enriched austenite between the
ferrite plates; the ferrite itself is free from carbides. Cementite precipitation from austenite can be
prevented by increasing the silicon concentration to about 1.5 wt%; this works because silicon is

Figure 12 TTT diagrams showing the different domains of transformation.

Figure 13 Schematic illustration of the microstructure of upper and lower bainite.

Physical Metallurgy of Steels 2171

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy
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because it is possible to show that this is an experimental artifact caused by the inability to detect the
two C-curves separately.

A further feature to note (Figure 11, Fe–Mn–C) is that the lower C-curve representing displacive
transformations has a flat top. This represents the highest temperature Th at which displacive

Figure 10 Calculations for Fe–0.1C wt% steel. (a) Influence of austenite grain size. (b) Influence of tensile stress. (c) Change
in mean linear intercept for austenite grains as a function of plastic strain. (d) The effect of mechanical stabilization and
grain refinement on the martensite start temperature.

Figure 11 TTT diagrams for two steels, one of which has a high hardenability.

2170 Physical Metallurgy of Steels

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy
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Decomposition of austenite by reconstructive transformation
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Growth of pearlite
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V ≈ D
λ

2λαλc
Cγαe − Cγce
Cc − Cα

[m s−1]

D is carbon diffusivity in austenite; λα, λc are widths of ferrite and cementite lamella.
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Growth of proeutectoid ferrite
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21.6.1 Diffusion-Controlled Growth in Fe–C

The ferrite has a different chemical composition from the austenite in which it grows. We shall assume
that the growth of ferrite (a) is controlled by the diffusion of carbon in the austenite (g) ahead of the
interface.

As the ferrite grows, so does the extent of its diffusion field. This retards growth because the solute
then has to diffuse over ever larger distances. As we will prove, the thickness of the ferrite increases with
the square root of time, that is, the growth rate slows down as time increases. We will assume in our
derivation that the concentration gradient in the matrix is constant, and that the far-field concentration
c never changes (i.e. the matrix is semi-infinite normal to the advancing interface). This is to simplify the
mathematics without loosing the insight into the problem.

A theoretical treatment of the thickening of allotriomorphs follows the same procedure as outlined
in eqn (14) and Figure 26. However, unlike the case for Widmanstätten ferrite, the solute accumulates
in front of the interface so the diffusion distance Dz is no longer constant, so an additional condition is
necessary to calculate the growth rate as a function of time. A second equation can be derived by
considering the overall conservation of mass

ðcag " cÞz$ ¼ 1
2
ðc" cgaÞDz: (19)

On combining this with eqn (14) to eliminate Dz we get

vz$

vt
¼ Dðc" cgaÞ2

2z$ðcag " cgaÞðcag " cÞ
: (20)

It follows that

z$f
ffiffiffiffiffiffi
Dt

p
:

Figure 29 Allotriomorphic and idiomorphic ferrite.

Physical Metallurgy of Steels 2185

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy
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driving force is not sufficient to support the strain energy associated with a single plate. Widmanstätten
ferrite formation therefore involves the simultaneous and adjacent cooperative growth of two plates,
which are crystallographic variants such that their shape deformations mutually accommodate
(Figure 25b). This has the effect of canceling much of the strain energy.

It follows that what is seen as a single plate in an optical microscope is actually a combination of two
variants, usually separated by a low-misorientation boundary (Figure 25c). Widmanstätten ferrite has
a habit plane which is close to {5 5 8}g. Hence, the two plates au1 and au2, which have different
variants of this habit with the austenite, together form the thin-wedge shaped plate which is charac-
teristic of Widmanstätten ferrite. A self-consistent set (Bhadeshia, 2011) describing the crystallography
(Watson and McDougall, 1973) of a plate of Widmanstätten ferrite has the habit plane normal:

P ¼ ð0:5057 0:4523 0:7346Þg;

Figure 25 (a) A single IPS shape deformation. (b) The combined effect of two mutually accommodating back-to-back
IPS deformations. (c) The morphology of two plates, with different habit plane variants, growing together in a mutually
accommodating manner.

Figure 24 Morphology of primary and secondary Widmanstätten ferrite.

Physical Metallurgy of Steels 2181

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy

Slide 20



MSE307 Steels 2016, Lecture 3

Slide 21



MSE307 Steels 2016, Lecture 3

Widmanstätten ferrite

Slide 22



MSE307 Steels 2016, Lecture 3

Slide 23



MSE307 Steels 2016, Lecture 3

driving force is not sufficient to support the strain energy associated with a single plate. Widmanstätten
ferrite formation therefore involves the simultaneous and adjacent cooperative growth of two plates,
which are crystallographic variants such that their shape deformations mutually accommodate
(Figure 25b). This has the effect of canceling much of the strain energy.

It follows that what is seen as a single plate in an optical microscope is actually a combination of two
variants, usually separated by a low-misorientation boundary (Figure 25c). Widmanstätten ferrite has
a habit plane which is close to {5 5 8}g. Hence, the two plates au1 and au2, which have different
variants of this habit with the austenite, together form the thin-wedge shaped plate which is charac-
teristic of Widmanstätten ferrite. A self-consistent set (Bhadeshia, 2011) describing the crystallography
(Watson and McDougall, 1973) of a plate of Widmanstätten ferrite has the habit plane normal:

P ¼ ð0:5057 0:4523 0:7346Þg;

Figure 25 (a) A single IPS shape deformation. (b) The combined effect of two mutually accommodating back-to-back
IPS deformations. (c) The morphology of two plates, with different habit plane variants, growing together in a mutually
accommodating manner.

Figure 24 Morphology of primary and secondary Widmanstätten ferrite.
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α′ αLB αUB αa αW α αi P

Nucleation and growth reaction Y Y Y Y Y Y Y Y
Plate morphology Y Y Y Y Y N N N
IPS shape change with shear component Y Y Y Y Y N N N
Diffusionless nucleation Y N N N N N N N

Only carbon diffuses during nucleation N Y Y Y Y N N N
Reconstructive diffusion during nucleation N N N N N Y Y Y
Often nucleates intragranularly on defects Y N N Y N N Y Y
Diffusionless growth Y Y Y Y N N N N

Reconstructive diffusion during growth N N N N N Y Y Y
All atomic correspondence during growth Y Y Y Y N N N N
Substitutional atomic correspondence during growth Y Y Y Y Y N N N
Bulk redistribution of substitutional atoms during growth N N N N N S S S

Local equilibrium at interface during growth N N N N N S S S
Local para-equilibrium at interface during growth N N N N Y S S N
Diffusion of carbon during transformation N N N N Y Y Y Y
Carbon diffusion-controlled growth N N N N Y S S S

Cooperative growth of ferrite and cementite N N N N N N N Y
High dislocation density Y Y Y Y S N N N
Incomplete reaction phenomenon N Y Y Y N N N N
Necessarily has a glissile interface Y Y Y Y Y N N N

Always has an orientation within the Bain region† Y Y Y Y Y N N N
Grows across austenite grain boundaries N N N N N Y Y Y
High interface mobility at low temperatures Y Y Y Y Y N N N

Displacive transformation mechanism Y Y Y Y Y N N N
Reconstructive transformation mechanism N N N N N Y Y Y

† “. . . a reproducible relation which may be irrational but is close to the rational N–W or K–S relation.”

martensite: α′; lower, upper bainite: αLB, αUB; acicular, idiomorphic ferrite: αa, αi;
Widmanstätten ferrite: αW; allotriomorphic and massive ferrite: α; pearlite: P

Y: yes; N: no; S: sometimes After H. K. D. H. Bhadeshia and J. W. Christian
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The rate of growth of ferrite in austenite
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Rate of solute

partitioning
= (cγα − cαγ)

∂z∗

∂t
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Diffusive flux

away from interface
= −D∂c

∂z
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Rate of solute

partitioning
=

Diffusive flux

away from interface

(cγα − cαγ)
∂z∗

∂t
= −D∂c

∂z

≈ −D c̄− cγα
∆z
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Conservation of mass

(c̄− cαγ) z∗ =
1

2
(cγα − c̄) ∆z
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Combining diffusion controlled interface velocity equation

(cγα − cαγ)
∂z∗

∂t
≈ −D c̄− cγα

∆z

with conservation of mass condition

(c̄− cαγ) z∗ =
1

2
(cγα − c̄) ∆z

leads to

∂z∗

∂t
=

D (cγα − c̄)2
2z∗ (cγα − cαγ) (c̄− cαγ)

that is, z∗ ∝
√
Dt
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In the single component case,

Rate of solute

partitioning
=

Diffusive flux

away from interface

(cγα − cαγ)
∂z∗

∂t
= (cγα − cαγ) v = −D∂c

∂z

In the case of two components, say C and Mn,

(cγαC − cαγC ) v = −Dγ
C

∂cC
∂z

(cγαMn − cαγMn) v = −Dγ
Mn

∂cMn

∂z

But

Dγ
C � Dγ

Mn
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(cγαC − cαγC ) v = −Dγ
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There is local equilibrium at the α/γ interface: compositions in both
α and γ are those at the ends of equilibrium tie lines.

Austenite and ferrite cannot both have concentrations of C or Mn
greater than the average c̄. Therefore there is a unique solution
to the coupled equations on slide 8.

At low undercooling and supersaturation growth is by
Partitioning-Local Equilibrium mode

At high undercooling and supersaturation growth is by
Negligible Partitioning-Local Equilibrium mode
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(cγαC − cαγC ) v = −Dγ
C
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(cγαMn − cαγMn) v = −Dγ
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where the subscripts refer to the solutes (1 for carbon and 2 for Mn). The interface velocity v is dz)/dt in
eqn (20).

Because D1[D2, these equations cannot in general be simultaneously satisfied for the tie-line
passing through the alloy composition c1, c2. It is, however, possible to choose other tie-lines which
satisfy eqn (25). If the tie-line is such that cga1 ¼ c1(e.g. line cd for alloy A in Figure 31a), then Vc1 will
become very small, the driving force for carbon diffusion in effect being reduced, so that the flux of
carbon atoms is forced to slow down to a rate consistent with the diffusion of manganese. Ferrite

Figure 31 Schematic isothermal sections of the Fe–Mn–C system, illustrating ferrite growth occurring with local equilibrium
at the a/g interface. (a) Growth at low supersaturations (PLE) with bulk redistribution of manganese, (b) growth at high
supersaturations (NPLE) with negligible partitioning of manganese during transformation. The bulk alloy compositions are
designated by the symbol , in each case.

Physical Metallurgy of Steels 2189

Physical Metallurgy, Fifth Edition, 2014, 2157–2214

Author's personal copy
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Decomposition of austenite by displacive transformation
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Bainite
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Above T0: Widmanstätten ferrite

Below T0: bainite

Upper bainite — carbon rejected into austenite

Lower bainite — carbide retained in bainite (⇡ 60� to midrib)

Acicular ferrite — bainite nucleated inside austenite grains
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Calculated TTT for
0.1C–0.68Si–1.24Mn–0.04Ni–0.01Mo–1.87Cr–0.007Al–0.015Ti

(274ppm O 168ppm N)
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Homework for next week
watch these videos

https://www.youtube.com/watch?v=F↵Y381eMhU

https://www.youtube.com/watch?v=S-5ZMhE7Iak

Slide 15



MSE307 Steels 2017, Lecture 5

Alloy steels
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Zener’s pinning force : p = ⇡r�
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Order of solubility of carbide in austenite: V!Ti!Nb
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precipitatez }| {
MmXn ↵

solid solutionz }| {
mM + nX

equilibrium

constant
: K =

am
Man

X

aMmXn

/
dissolvedz }| {

[wt%M]m[wt%X]n

⌘ ks :
solubility

product

RT ln K = mµ̄M + nµ̄X � µ̄MmXn

ln ks = �(Q/RT ) + constant

log ks = A � B/T
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24?8. This shows the substantially higher solubility of
the carbide than the nitride and the significant decrease
in solubility in ferrite compared with austenite. A more
detailed discussion of the solubility of VC and VN in
austenite and VC in ferrite is provided by Gladman.3

For comparison, a selection made by Aronsson28 of
solubility of the transition metal carbides and nitrides in
austenite, of importance in microalloyed steels, is given
in Fig. 3, where it is apparent that vanadium carbide
and nitride are the most soluble carbide and nitride of
each group. Strid and Easterling29 have also collected
relevant solubility data.

An important aspect of most transition metal carbides
and nitrides, is that with few exceptions, they are
mutually soluble, as is shown by the data presented by
Goldschmidt.30 It has been suggested that this mutually
solubility occurs when the atomic size difference
between the two carbide or nitride forming elements is
not greater than 13%. Houghton31 was among the first

to acknowledge the effect of mutual solubility of
carbides and nitrides in microalloyed steels. He pre-
sented a quasi-regular solution thermodynamic model
which described the precipitation of complex carbides
and nitrides from austenite for two extreme cases:

(i) no mixing between precipitates
(ii) complete miscibility while maintaining in both

cases equilibrium between precipitates and
solutes in austenite.

His results were then compared with those of other
models, whose predictions are in general intermediate
between (i) and (ii).

While the binary solubility equation approach is a
useful guide, sophisticated methods have been evolved
using dedicated software, which take into account the

1 Solubility of vanadium carbide in austenite and ferrite

2 Solubility of vanadium nitride in austenite and ferrite154

3 Solubility products, in atomic per cent, of carbides and

nitrides in austenite as function of temperature28

Table 1 Solubility of vanadium carbide in austenite and ferrite

Austenite Ferrite

Equation A B Type Ref. Equation A B Ref.

1 29500 6.72 VC 16 5 212 265 8.05 23
2 210 800 7.06 V4C3 21 6 27050 4.24 22
3 29400 5.65 V4C3 22 7 27667 4.57 1
4 26560 4.45 V4C3 18

Table 2 Solubility of vanadium nitride in austenite and
ferrite154

Austenite Ferrite

Equation A B Ref. Equation A B Ref.

8 27700 2.86 17 11 29700 3.90 17
9 28700 3.63 16 12 27061 2.26 27
10 27840 3.02 26 13 27830 2.45 24

Baker Processes, microstructure and properties of V microalloyed steels

Materials Science and Technology 2009 VOL 25 NO 9 1085

Austenite Ferrite
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VT : wt% V in alloy

NT : wt% N in alloy

[V] : wt% V dissolved in austenite

[N] : wt% N dissolved in austenite

VVN : wt% V present as VN

NVN : wt% N present as VN

AV : relative atomic mass of V

AN : relative atomic mass of N
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VT = [V] + VVN

NT = [N] + NVN

NVN = VVN
AN

AV

ks = [V][N]
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ks = [V][N]

= (VT � VVN) (NT � NVN)
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A � B

D � C
=

51
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Precipitation of carbides, nitrides and carbonitrides

Precipitation in austenite

Precipitation during the γ −→ α transformation

Continuous growth of carbide fibres or laths

Interphase precipitation

Precipitation in ferrite
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The g/a phase transformation temperature is influenced by
the deformation schedule, which therefore determines whether
deformation induced ferrite (DIFT) is produced or not. Promoting
DIFT has become a favoured method to obtain ultrafine ferrite
grains in microalloyed low carbon steels [10e16]. Most of these
investigations into DIFT have focused on the effect of chemical
composition, the cooling rate and the deformation parameters
(strain, strain rate). It has also been observed that a finer prior
austenite grain size before deformation increases the extent of DIFT
[17]. In the present study, in contrast to the observations of [17],
DIFT has been promoted by a larger prior-austenite grain size,
promoted by a reheating process between rough and finish defor-
mation, with the aim to refine the final grain size in the trans-
formed product. The mechanism of DIFT formation has been
investigated through the role of precipitation, strain and the
morphology of the grains as a function of deformation, as well as
following isothermal holding after deformation.

2. Experimental procedures

2.1. Material

The materials used in the research consisted of two laboratory
cast microalloyed steels containing Nb (designated “Nb steel”), and
Nb and Ti (designated “NbeTi steel”), which were made by vacuum
induction melting and cast into ingots having dimensions
220 mm � 65 mm � 28 mm at ArcelorMittal. The composition of
the steels was analysed by Sheffield Testing Laboratories and is
listed in Table 1. The ingots were soaked at 1300 �C for 2 h and hot-
rolled from 28mm to 12mm thick plates in two passes utilising a 2-
high fully-instrumented 50 tonne Hille deformation mill with a
finishing temperature of 1100 �C followed by an ice water quench.
Plane strain compression (PSC) specimens, having a geometry of
60 mm long� 30 mmwide� 10 mm high were machined from the
hot rolled and as-quenched plate. PSC testing was performed using
the thermomechanical compression (TMC) machine at The Uni-
versity of Sheffield [18]. Samples were reheated to 1100 �C, held for
30s and then force-air cooled to the roughing deformation tem-
perature of 850 �C. This unusually low roughing temperature of
850 �C was chosen as it was below the recrystallisation-stop tem-
perature (T5%) for each steel. Deformation was undertaken in a
single pass using a strain of 0.3 with a constant true strain rate of 10
s�1. Immediately after roughing, the steels were rapidly reheated at
a rate of 10 �C/s to a temperature of 1200 �C, held for 10s, followed
by force-air cooling to 850 �C at a rate of 10 �C/s, with the finishing
deformation passes being performed with different deformation
parameters. The deformation and heat treatment schedule is
illustrated in Fig. 1. Condition A was deformed to a strain of 0.3 at a
strain rate of 10/s, and immediately quenched (designated “0s” as
there was no hold at temperature). Condition B underwent the
same deformation schedule as condition A, but with a 10s hold
prior to quenching. Condition C underwent the same thermo-
mechanical schedule as condition B, but then received an additional
strain of 0.3 at a strain rate of 10/s followed by an immediate water
quench. This material had therefore received a total finish

deformation strain of 0.6. Finally, condition D received the same
thermomechanical schedule as condition C, but with a final 10s
hold prior to water quenching.

2.2. Grain size and microstructure

Longitudinal specimens were prepared for metallographic ex-
amination using standard techniques. The polished specimens
were etched in a solution of saturated picric acid at 60 �C to reveal
the prior-austenite grain boundaries. The average austenite grain
size was measured using the linear intercept method (ASTM E-112)
by optical microscopy (OM). Scanning electron microscopy (SEM)
was used to observe the microstructures of ferrite and martensite,
which was etched using a 2% nital solution for approximately
5e10s. Electron backscatter diffraction (EBSD) was used to measure
the final sub-grain size after finish deformation from the NbeTi
steel. Samples for EBSD were prepared by the same method as the
SEM samples. The acceleration voltage of 20 kV and an emission
current of around 80 mA were chosen with the step size of 300 nm.
The minimum misorientation angle that defines a grain boundary
was set to 2�. Misorientation angles between 2� and 15� were
regarded as low-angle grain boundaries, while those larger than
15� were designated high-angle grain boundaries.

2.3. Precipitate analysis

Transmission electron microscopy (TEM) was carried out to
identify the strain-induced precipitation. Carbon extraction rep-
licas were prepared in the standard manner using a light 2% nital
etch. Subsequent thin foils were electropolished using an electro-
lyte solution of 5% perchloric acid, 35% butoxyethanol and 60%
methanol. Extraction replica samples and thin foil samples were
examined in FEI Tecnai T20 and JEOL 2010F TEM. The particle
diameter distribution of precipitates was measured for each sam-
ple, with around 200 particles counted in each case, with quanti-
tative image analysis being performed using Image J software.
Additionally, chemical analysis of the precipitates was conducted
using an Oxford instruments energy dispersive X-ray spectroscopy
(EDX) detector (Oxford Instruments, Oxford, UK) and electron en-
ergy loss spectroscopy (EELS) analysis, using a Gatan GIF. The
measurement of the sample thickness was carried also carried out
using EELS. This was estimated from the low energy region of the
spectrum, given by Eq. (1) [19,20]:

t ¼ l lnðIt=I0Þ (1)

where t represents the thickness of material; l is the mean free

Table 1
Chemical composition of the experimental steels (wt%).

C Si Mn Cr Ni Nb Ti N P

Nb steel 0.067 0.11 0.77 0.01 0.02 0.03 <0.01 0.0058 0.016
NbeTi steel 0.065 0.11 0.77 0.01 0.02 0.03 0.02 0.0062 0.016

The significance of the bold values is that these two alloying elements represent the
microalloying elements present in the two steels, which indeed distinguishes one
steel from the other.

Fig. 1. Schematic of the thermomechanical cycles used and nomenclature used for
each condition.

P. Gong et al. / Acta Materialia 119 (2016) 43e5444

The g/a phase transformation temperature is influenced by
the deformation schedule, which therefore determines whether
deformation induced ferrite (DIFT) is produced or not. Promoting
DIFT has become a favoured method to obtain ultrafine ferrite
grains in microalloyed low carbon steels [10e16]. Most of these
investigations into DIFT have focused on the effect of chemical
composition, the cooling rate and the deformation parameters
(strain, strain rate). It has also been observed that a finer prior
austenite grain size before deformation increases the extent of DIFT
[17]. In the present study, in contrast to the observations of [17],
DIFT has been promoted by a larger prior-austenite grain size,
promoted by a reheating process between rough and finish defor-
mation, with the aim to refine the final grain size in the trans-
formed product. The mechanism of DIFT formation has been
investigated through the role of precipitation, strain and the
morphology of the grains as a function of deformation, as well as
following isothermal holding after deformation.

2. Experimental procedures

2.1. Material

The materials used in the research consisted of two laboratory
cast microalloyed steels containing Nb (designated “Nb steel”), and
Nb and Ti (designated “NbeTi steel”), which were made by vacuum
induction melting and cast into ingots having dimensions
220 mm � 65 mm � 28 mm at ArcelorMittal. The composition of
the steels was analysed by Sheffield Testing Laboratories and is
listed in Table 1. The ingots were soaked at 1300 �C for 2 h and hot-
rolled from 28mm to 12mm thick plates in two passes utilising a 2-
high fully-instrumented 50 tonne Hille deformation mill with a
finishing temperature of 1100 �C followed by an ice water quench.
Plane strain compression (PSC) specimens, having a geometry of
60 mm long� 30 mmwide� 10 mm high were machined from the
hot rolled and as-quenched plate. PSC testing was performed using
the thermomechanical compression (TMC) machine at The Uni-
versity of Sheffield [18]. Samples were reheated to 1100 �C, held for
30s and then force-air cooled to the roughing deformation tem-
perature of 850 �C. This unusually low roughing temperature of
850 �C was chosen as it was below the recrystallisation-stop tem-
perature (T5%) for each steel. Deformation was undertaken in a
single pass using a strain of 0.3 with a constant true strain rate of 10
s�1. Immediately after roughing, the steels were rapidly reheated at
a rate of 10 �C/s to a temperature of 1200 �C, held for 10s, followed
by force-air cooling to 850 �C at a rate of 10 �C/s, with the finishing
deformation passes being performed with different deformation
parameters. The deformation and heat treatment schedule is
illustrated in Fig. 1. Condition A was deformed to a strain of 0.3 at a
strain rate of 10/s, and immediately quenched (designated “0s” as
there was no hold at temperature). Condition B underwent the
same deformation schedule as condition A, but with a 10s hold
prior to quenching. Condition C underwent the same thermo-
mechanical schedule as condition B, but then received an additional
strain of 0.3 at a strain rate of 10/s followed by an immediate water
quench. This material had therefore received a total finish

deformation strain of 0.6. Finally, condition D received the same
thermomechanical schedule as condition C, but with a final 10s
hold prior to water quenching.

2.2. Grain size and microstructure

Longitudinal specimens were prepared for metallographic ex-
amination using standard techniques. The polished specimens
were etched in a solution of saturated picric acid at 60 �C to reveal
the prior-austenite grain boundaries. The average austenite grain
size was measured using the linear intercept method (ASTM E-112)
by optical microscopy (OM). Scanning electron microscopy (SEM)
was used to observe the microstructures of ferrite and martensite,
which was etched using a 2% nital solution for approximately
5e10s. Electron backscatter diffraction (EBSD) was used to measure
the final sub-grain size after finish deformation from the NbeTi
steel. Samples for EBSD were prepared by the same method as the
SEM samples. The acceleration voltage of 20 kV and an emission
current of around 80 mA were chosen with the step size of 300 nm.
The minimum misorientation angle that defines a grain boundary
was set to 2�. Misorientation angles between 2� and 15� were
regarded as low-angle grain boundaries, while those larger than
15� were designated high-angle grain boundaries.

2.3. Precipitate analysis

Transmission electron microscopy (TEM) was carried out to
identify the strain-induced precipitation. Carbon extraction rep-
licas were prepared in the standard manner using a light 2% nital
etch. Subsequent thin foils were electropolished using an electro-
lyte solution of 5% perchloric acid, 35% butoxyethanol and 60%
methanol. Extraction replica samples and thin foil samples were
examined in FEI Tecnai T20 and JEOL 2010F TEM. The particle
diameter distribution of precipitates was measured for each sam-
ple, with around 200 particles counted in each case, with quanti-
tative image analysis being performed using Image J software.
Additionally, chemical analysis of the precipitates was conducted
using an Oxford instruments energy dispersive X-ray spectroscopy
(EDX) detector (Oxford Instruments, Oxford, UK) and electron en-
ergy loss spectroscopy (EELS) analysis, using a Gatan GIF. The
measurement of the sample thickness was carried also carried out
using EELS. This was estimated from the low energy region of the
spectrum, given by Eq. (1) [19,20]:

t ¼ l lnðIt=I0Þ (1)

where t represents the thickness of material; l is the mean free

Table 1
Chemical composition of the experimental steels (wt%).

C Si Mn Cr Ni Nb Ti N P

Nb steel 0.067 0.11 0.77 0.01 0.02 0.03 <0.01 0.0058 0.016
NbeTi steel 0.065 0.11 0.77 0.01 0.02 0.03 0.02 0.0062 0.016

The significance of the bold values is that these two alloying elements represent the
microalloying elements present in the two steels, which indeed distinguishes one
steel from the other.

Fig. 1. Schematic of the thermomechanical cycles used and nomenclature used for
each condition.

P. Gong et al. / Acta Materialia 119 (2016) 43e5444
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and martensite structures from the Nb and NbeTi steels after finish
deformation with the schedule of A, where the DIFT was primarily
located at the prior-austenite grain boundaries. The morphology of
the DIFT and martensite after finish deformation with holding time
of 10s (schedule B), 10s (schedule C) and 10s þ 10s (schedule D)
were similar with that at 0s. The volume fraction of DIFT as a
function of deformation parameters was calculated from SEM im-
ages and is shown in Fig. 9. It can be seen that the volume fraction
of DIFT in the NbeTi steel was larger than that in the Nb steel for
each process condition. The volume fraction of DIFT increased with
increasing strain for both Nb and NbeTi steels. It also increased
with the 10s isothermal hold after deformation for a given strain.
After a one pass deformation and holding for 10 s at 850 �C, there
was a much higher volume fraction of DIFT than after the finish
deformation without subsequent hold (schedule A). The volume
fraction of DIFT increased with increasing strain to 0.6, but with a
decreasing rate as the strain increased (schedule C and D).

3.4. Nano-scale cementite in DIFT

Nanoscale cementite was observed in the DIFT. Typical mor-
phologies of cementite after finish deformation using the D

Fig. 7. The morphology and the composition of SIP with the schedule of C: (a) HRTEM image, (b) IFFT lattice image and (c) EDX spectrum of the nanometer scale carbide in the Nb
steel; (d) HRTEM image, (e) IFFT lattice image and (f) EDX spectrum of the nanometer scale carbide in the NbeTi steel.

Fig. 8. SEM observation of DIFT for both Nb and NbeTi steels after finish deformation with the schedule of A: (a) Nb steel; (b) NbeTi steel.

Fig. 9. The variation of volume fraction of DIFT as a function of isothermal holding
time in the Nb and NbeTi steels.
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Continuous growth of carbide fibres or laths

Slide 5



MSE307 Steels 2017, Lecture 6

Slide 6



MSE307 Steels 2017, Lecture 6

Interphase precipitation
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Model carbide precipitation hardened steel: 630VMoNb

0.096C–1.6Mn–0.51Mo–0.26Si–0.25V–0.05Al–0.056Nb

σy=902 MPa; U.T.S.=964 MPa; elongation 18.2%
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FIG. 5. Gibbs free energy –at a Temperature of 800 ◦C– for
each of the studied compounds as a function of the content of
C and V.

of Hydrogen Embrittlement) under Project No. 263335.
The present results have been obtained through the use

of the ABINIT code, a common project of the Université
Catholique de Louvain, Corning Incorporated, and other
contributors.

Appendix A: Full stiffness matrices

Due to numerical inaccuracies, the obtained stiffness
matrices are not exactly symmetric. Additionally, the
equilibrium unit cells used for the calculation of the elas-
tic constants of some of the systems can deviate from
their ideal crystal symmetries, causing that some of the
values that should be zero to take finite values. For com-
pleteness, we present here the full stiffness matrices, in
units of GPa:

1. VC

Cij =




643.53 138.00 138.00 0.00 0.00 0.00
138.01 643.55 138.01 0.00 0.00 0.00
138.01 138.02 643.55 0.00 0.00 0.00
−7.08 −0.12 2.02 199.09 0.07 −1.05
−0.08 −7.04 2.06 0.07 199.09 −1.05
−0.11 2.03 −7.07 0.07 −1.05 199.09



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FIG. 6. Alternative top view of Figure 5 showing only the
structures with the lowest Gibbs energies. The black dot in-
dicates the composition of the steel from reference [6].

2. V4C3-Cubic

Cij =




515.40 153.14 153.14 0.00 0.00 0.00
153.14 515.41 153.14 0.00 0.00 0.00
153.14 153.14 515.41 0.00 0.00 0.00
0.00 0.00 0.00 101.75 0.00 0.00
0.00 0.00 0.00 0.00 101.75 0.00
0.00 0.00 0.00 0.00 0.00 101.75




3. V4C3-Hexagonal

Cij =




528.44 125.83 131.74 −32.85 −3.16 2.60
125.82 520.07 136.72 36.22 −2.50 −10.04
132.17 137.15 482.46 −6.06 10.46 4.33
−31.07 34.68 −5.27 129.41 −1.19 0.35
−2.35 −3.46 9.24 −1.19 132.67 −33.35
2.76 −10.21 4.24 −0.35 −34.79 192.09



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Precipitation in ferrite—age hardening
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α′ αLB αUB αa αW α αi P

Nucleation and growth reaction Y Y Y Y Y Y Y Y
Plate morphology Y Y Y Y Y N N N
IPS shape change with shear component Y Y Y Y Y N N N
Diffusionless nucleation Y N N N N N N N

Only carbon diffuses during nucleation N Y Y Y Y N N N
Reconstructive diffusion during nucleation N N N N N Y Y Y
Often nucleates intragranularly on defects Y N N Y N N Y Y
Diffusionless growth Y Y Y Y N N N N

Reconstructive diffusion during growth N N N N N Y Y Y
All atomic correspondence during growth Y Y Y Y N N N N
Substitutional atomic correspondence during growth Y Y Y Y Y N N N
Bulk redistribution of substitutional atoms during growth N N N N N S S S

Local equilibrium at interface during growth N N N N N S S S
Local para-equilibrium at interface during growth N N N N Y S S N
Diffusion of carbon during transformation N N N N Y Y Y Y
Carbon diffusion-controlled growth N N N N Y S S S

Cooperative growth of ferrite and cementite N N N N N N N Y
High dislocation density Y Y Y Y S N N N
Incomplete reaction phenomenon N Y Y Y N N N N
Necessarily has a glissile interface Y Y Y Y Y N N N

Always has an orientation within the Bain region† Y Y Y Y Y N N N
Grows across austenite grain boundaries N N N N N Y Y Y
High interface mobility at low temperatures Y Y Y Y Y N N N

Displacive transformation mechanism Y Y Y Y Y N N N
Reconstructive transformation mechanism N N N N N Y Y Y

† “. . . a reproducible relation which may be irrational but is close to the rational N–W or K–S relation.”

martensite: α′; lower, upper bainite: αLB, αUB; acicular, idiomorphic ferrite: αa, αi;
Widmanstätten ferrite: αW; allotriomorphic and massive ferrite: α; pearlite: P

Y: yes; N: no; S: sometimes After H. K. D. H. Bhadeshia and J. W. Christian
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Principal features of martensite in steel

Mechanical properties

Transformation at constant composition

Athermal

Shape change: hence strain energy

Irrational habit planes

Crystallographic orientation relation
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Kurdjumov–Sachs (K–S)

(111)γ ‖ (101)α

[11̄0]γ ‖ [111̄]α

Nishiyama–Wasserman (N–W)

(111)γ ‖ (110)α

[1̄10]γ ‖ [001]α

[112̄]γ ‖ [1̄10]α

Greninger–Troiano (G–T)

(111)γ ‖ (110)α

[12 17 5̄]γ ‖ [17 17 7]α or [1̄21̄]γ 1◦ away from [11̄0]α
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the vector v. The individual disconnections and dis-
locations cut by v have topological parameters
(b,h) and (b, 0) defined in the coherent dichromatic
pattern. Eq. (3) cannot be solved directly because
the habit plane orientation is not known at this
stage, and hence v cannot be defined. A practicable
way forward is to find an approximate solution first
and subsequently refine this iteratively. Approxi-
mate solutions can be found by neglecting the step
character of disconnections, so the interface is imag-
ined to be parallel to the terrace plane; Eq. (3) can
then be applied to find a disconnection/LID network
accommodating the coherency strain. To refine this
solution, the re-oriented interface can be found when
the step character of the disconnection array in the
approximate solution is taken into account. Then,
new probe vectors can be used in Eq. (3), and the de-
fect line directions and spacings modified as required
until the misfit on the final habit plane is fully re-
lieved. This procedure has been described in detail
elsewhere [6,19] for the cases of a TiMo alloy and
ZrO2. Once a refined solution is obtained, the final
OR, which generally deviates from the natural refer-
ence OR, can be determined. Also, the transforma-
tion displacement, which convolutes the lattice
deformation introduced by disconnection motion,
the shear introduced by the LID and any deviation
of OR from the natural reference, can be found.

3. Interface structure in ferrous alloys

Stage 1: Reference structures.
A convenient choice of natural reference

structure for c-FCC and a-BCC crystals is the
Nishyama–Wassermann (NW) OR [20,21], as
depicted schematically in Fig. 3. In this OR the clos-
est-packed planes of the two phases are parallel, i.e.
(111)ck(011)a; these are potential terrace planes
and the axes of the terrace coordinate frame are indi-
cated in the figure. The lattice parameters of the
cubic crystals used in this work are ac = 0.3580 nm
and aa = 0.2870 nm, leading to misfit parallel to x,
y and z.

The misfit parallel to x and y is now removed by
the coherency strain, thereby forming the coherent
reference, and the corresponding dichromatic pat-
tern is depicted in Fig. 4. The strain is given by

n

E

c

¼
ÿ0:1254 0 0

0 0:0772 0

0 0 0

0

B@

1

CA; ð5Þ

and we note that the sign of exx is negative corre-
sponding to compression of a with respect to c,
whereas eyy is positive. These principal strains are
further depicted in Fig. 5; the rhombi delineating
the atomic sites on the (111)ck(011)a planes in the
unstrained and coherent states are shown.

Stage 2: Interfacial defects.
The elastic strain defined above is relieved plasti-

cally by incorporation into the interface of admissi-
ble interfacial defects. Their Burgers vectors and
step heights are conveniently illustrated in the
coherent dichromatic pattern, Fig. 4. Slip disloca-
tions of the martensite have b corresponding to
black-to-black translation vectors, t(a), for example

Fig. 3. Schematic illustration showing the natural reference state
formed by a and c crystals exhibiting the NW OR viewed
perpendicular to (111)ck(011)a; the lattice sites are depicted in
white, c, and black, a, forming a dichromatic pattern.

Fig. 4. Schematic illustration of the coherent dichromatic
pattern; the b of candidate disconnections, joining sites of
opposite colour, and LID, joining sites of the same colour, are
also shown.

316 X. Ma, R.C. Pond / Journal of Nuclear Materials 361 (2007) 313–321
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Glissile interface

Author's personal copy

cussed in Section 6, and the possible role of lattice-invariant deformation (LID) is outlined in Section 7.
The conventions used for the characterization of dislocation and step character are set out in Appendix
A, and some details relating to habit plane predictions according to TM are presented in Appendix B.

2. Planar bicrystal interfaces

2.1. Static Interface Structure

A large number of microscopical investigations of interface structure have been undertaken (for a
review see [19]). Several studies using transmission electron microscopy have shown that martensitic
interfaces actually comprise two (or more) sets of discrete defects, as outlined above. A schematic
view of such an interface is depicted in Fig. 2, as has been discussed qualitatively by various authors
[32–37]. The terrace plane is favored because it has a comparatively low interfacial energy. For per-
fectly matching or coherently strained terraces, the energy is chemical in nature, corresponding to a
singular interface with a cusp in a Gibbs–Wulff plot. In a strain free configuration such as Fig. 2, the
terrace/disconnection configuration still has a lower energy than an interface where the defects are
smeared in a vernier arrangement.

The martensite phase is depicted as the lower of the two crystals in Fig. 2 (such matrix-above-
product interfaces are designated (m/p)). The glide planes of the slip or twinning dislocations are
indicated: these defects produce a lattice-invariant deformation, or LID [8], and are oriented with
line-direction nL in the interface and spacing dL on the terraces. Disconnections [23,25] exhibit both
dislocation and step character, and adopt the line-direction nD with spacing dD on the terraces. The
conventions for defining their Burgers vectors and step heights are presented in Appendix A. The the-
ory of interfacial defects [29,38] predicts the Burgers vectors and step heights of admissible disloca-
tions and disconnections: disconnections that can move conservatively along coherent terraces are
defined in the formalism developed by Hirth and Pond [25].

For a length of defect, ‘, moving along an (m/p) terrace by the distance dy, the number of (substitu-
tional) atoms of species A, dNA, that must diffuse to/away (+ve/�ve) from the defect’s core is given by

dNA ¼ ‘ðhDXA þ bzXAÞdy; ð1Þ

Fig. 2. Arrays of disconnections and dislocations accommodating coherency strains at an interface between matrix (upper
crystal) and product (lower crystal). The average habit plane is also depicted.

590 J.P. Hirth, R.C. Pond / Progress in Materials Science 56 (2011) 586–636

Author's personal copy

4.2. Multiple habits

Ferrous alloys exhibit a multiplicity of martensitic morphologies and habits depending on com-
position and transformation conditions [75–78]. For example, small changes of C concentration
cause distinct changes, even though the lattice parameter of the parent phase remains virtually
the same [8]. In the topological model, such variation is expected when several disconnections,
are physically feasible, as mentioned in Section 3.2.1. Experimental observations of disconnections
similar to those illustrated schematically in Fig. 9 and 10 are shown in Fig. 19: when the circuits
indicated in these figures are mapped into the CDP, Fig. 5, the Burgers vectors, and the step heights

deduced, bD
1 ;�h0

� �
and bD

6 ;�2h0

� �
, are consistent with the micrographs. The line-direction of the

observed defects is parallel to the electron beam, and hence the defects exhibit near-screw
character (screw components of b are not detected in images like Fig. 19). The role of these de-
fects, and their attendant LID, has been discussed for {2 9 5}, {5 7 5} and {1 2 1} habits elsewhere
[47].

The bcc–hcp plate products in Ti–Cr alloys are another example, where disconnections with larger
Burgers vectors are observed in addition to elementary ones, the two types having orthogonal line
directions [80,81]. The larger b disconnections also had climb components, but that is not a growth
impediment because the Ti–Cr plates formed by diffusional growth.

Fig. 19. Transmission electron micrographs of disconnections in ferrous alloys. (a) bD
1 ;�h0

� �
disconnections in lath martensite

[31]. (b) bD
6 ;�2h0

� �
disconnections in plate martensite [79].

608 J.P. Hirth, R.C. Pond / Progress in Materials Science 56 (2011) 586–636

TEM lattice image of Fe–20.2%Ni–5.4%Mn γ–α′ interface. Terraces
are (111)γ and habit plane is approximately (121)γ .
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Phenomenological Theory of Martensite

Lattice correspondence (Bain)

Lattice rotation

Lattice invariant strain (slip and / or twinning)
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B =



ε0 0 0
0 ε0 0
0 0 ε′0




ε0 =

√
2aα′ − aγ
aγ

; ε′0 =
aα′ − aγ
aγ

B = Bain strain

R = rotation

P2P1 = RB
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illustrated in Fig. 4, the shape change must be accompanied
by the specific rotation, RI, that keeps the habit planes in
the parent and product structures in contact.

The invariant transformation matrix that maintains
contact between the two phases along the habit plane can
be written in the form [6]:

AI ¼ Iþ e0l � n ¼ RIA0; ð5Þ
where the vectors n and l are given by:

n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

3 � 1

k2
3 � k2

1

s
e3 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

1

k2
3 � k2

1

s
e1; ð6Þ

l ¼ k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

3 � 1

k2
3 � k2

1

s
e3 � k3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

1

k2
3 � k2

1

s
e1; ð7Þ

and the strain, e0, is:

e0 ¼ k3 � k1: ð8Þ
The vector n is a unit vector normal to the habit plane, l

is a unit vector that specifies the shear direction of the
transformation and e0 is the magnitude of the shear. There
are two equivalent choices for the invariant plane, since
either sign may be used in Eq. (6) to define the normal vec-
tor, n. The alternate choice of n leads to the alternate choice
of l that reverses the sign in Eq. (7).

The shape transformation matrix, AI, has the property
that it produces exactly the same change in crystal structure
as the original matrix, A0, but orients the product crystal so
that its invariant plane lies parallel to the corresponding
plane of the parent (as illustrated in Fig. 4). With this ori-
entation a thin plate of the product crystal formed parallel
to the invariant plane will fit in the parent matrix without
distortion, despite the transformation-induced shape
change.

In solving this problem note that A0 can be taken to be
any convenient matrix that morphs the parent crystal struc-
ture into the product (e.g. the Bain strain for the fcc–bcc
martensitic transformation). Assuming invariant planes
exist, the normal vectors, n and l, and the invariant

transformation, AI, are found from the eigenvalues of
F2 ¼ AT

0 A0. Eq. (9) then identifies the rotation matrix, RI,
which determines how a thin plate of the crystal created
by A0 should be reoriented to achieve an invariant planar
match with the parent:

RI ¼ ðIþ e0l � nÞA�1
0 : ð9Þ

While it may be mathematically useful to treat the struc-
tural change as a transformation followed by a rotation, in
an actual shear transformation the strain and rotation
develop simultaneously, and the parent and product phases
remain attached on the invariant plane throughout. The
invariant transformation, AI, is the transformation matrix
that actually applies.

1.1.2. Modifying the transformation to achieve an invariant

plane

Now consider the case in which the transformation
strain is large, but the transformation, A0, does not have
an invariant plane. Importantly, this is the case with the
Bain strain, B, that governs the martensitic transformation
in steel. There are two common mechanisms that can be
used to create an invariant plane so the transformation
can proceed. Both mechanisms modify the simple transfor-
mation, A0, into a more complex, structurally heteroge-
neous transformation that does produce an invariant
plane.

The most-studied mechanism of this type is the martens-
itic transformation to a structure in which two distinct
crystallographic variants of a phase join without misfit to
form a composite plate that does have an invariant plane,
at least when we take a coarse-grained average over the two
variants. If A1 and A2 are the transformation matrices that
produce the two variants, then the net transformation
matrix is:

�A ¼ xA1 þ ð1� xÞA2; ð10Þ
where x is the volume fraction of variant (1). The matrix,
F2, the invariant plane normal, n, the shear displacement,

Fig. 4. Illustration of a shape change with an invariant plane. A sphere is sheared into an ellipsoid as shown on left, with the dimension perpendicular to
the plane unchanged. The two planes with traces a0b0 and c0d0 are unchanged in dimension, but rotated from their original orientations. The rigid rotation
shown at right brings the transformed plane a0b0 into coincidence with the identical plane, ab, in the parent sphere.

26 L. Qi et al. / Acta Materialia 76 (2014) 23–39
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e0l, the invariant transformation matrix, �AI, and the rota-
tion, RI,, can be found from Eqs. (3)–(9) by substituting
�A for A0. In the most studied case the transformations A1

and A2 create variants that are twins of one another and
the transformation, �AI, produces a twinned plate. This is
the twinned martensite that was the original subject of
the “crystallographic theory” of martensite.

Note, however, that the product–matrix interfaces of the
individual volumes produced by A1 and A2 in the compos-
ite plate are not invariant planes. The composite plate aver-
ages the misfit of the individual variants to produce an
overall invariant fit. The interfacial strains of the individual
variants are, then, local strains with no long-range conse-
quence; their strain energy can be treated as a surface effect.

A second way to modify the transformation, A0, to pro-
duce an invariant plane is to shear the product phase with
lattice dislocations that change its shape without changing
its atomic structure (“lattice invariant shears”). In the lan-
guage of the elastic inclusion theory, this changes the
“stress-free strain” of the inclusion without changing its
crystal structure, as illustrated in Fig. 5. If the volume is
sheared by the vector, t, on a plane whose normal is given
by the (reciprocal lattice) vector, h* [6], and if slip occurs,
on average, on every mth plane, then the slip deformation is:

D ¼ Iþ 1

m
t � h�: ð11Þ

The slips within the embedded volume of transformed
phase produce dislocation loops that envelope it.

Writing A0 for the structural transformation, the trans-
formation matrix for the slipped plate is:

AD ¼ DA0 ¼ Iþ 1

m
t � h�

� �
A0: ð12Þ

Assuming that the slip system (t, h*) and the slip plane
separation (m) have values that create an invariant plane,
the vectors n and l and the invariant transformation matrix
AI can be found from the eigenvalues of F2 ¼ AT

DAD. Eq.
(9) then identifies the rotation matrix, RI, which determines
how a thin plate of the inclusion created by AD should be
reoriented to achieve an invariant planar match with the
parent.

Note, however, that there is an important qualitative
difference between the transformation matrix, AD, that
appears in Eq. (12) and the matrix, A0, that appears in
Eq. (1). The transformation matrix, A0, in Eq. (1) relates
the atom positions in the parent and product crystals or,
equivalently, their crystal lattices. The shear deformation,
D, in Eq. (12) changes the shape of an inclusion of the

Fig. 5. Conceptual illustration of the transformation to dislocated martensite: (a) the Bain strain changes both the structure and the shape. Slip changes
the shape at constant structure. The dashed vector connects sites in the material. (b) Adjacent domains use different slip systems to create a composite
plate. Relative rotation keeps them in contact.

L. Qi et al. / Acta Materialia 76 (2014) 23–39 27
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510 LATTICE PARAMETERS OF Fe-C  AND Fe-N V o l .  24 ,  No. 3 

f 
a = .28664 - ,00028.  x ~  (nm) Da] 

c = .28664 + .00247. X f (ran) [ lb]  

c/a = I + .0096-X~ [Ic] 

Data, published in the last 50 years, on lattice parameters of iron-carbon martensite are presented as a 
function of X~, the number of carbon atoms per 100 iron atoms in Fig. la (data from (6-16)). Clearly, a large scatter 
occurs.The scatter can have several origins: for example, impurities dissolved in the martensite matrix and different 
experimental errors due to different methods used for lattice-parameter determination. Further, the presence of 
(nmcro)su'ess due to quenching from the austenite-phase field affects the lattice parameters; this can occur especially for 
thick specimens (see below). With these remarks in mind on evaluating the published data gathered in Fig. la, three sets of 
data ( 6, 15 and 16) appear the most reliable. Adopting .28664 nm as the lattice parameter of pure b.c.c, iron (JCPDS, card 
6-0696), least-squares fitting of straight lines through these dat~, with the constraint a = c = .28664 nm and c/a = 1 for 
zero carbon content, yields (see also Fig.lb): 

a = .28664 - (.00028 :E .00002). X f (rum) [2a] 

c = .28664 + (.00256 + .00004). X~ (nm) [2b] 

c/a = 1 + (.0100 + .0001). X f [2c] 

a = .28664 - (.00027 + .00001)- X~ (nm) [2d] 
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FIG. 1 a. Literature data for the lattice parameters of 
iron-carbon manensite as a function of carbon atoms 
per 100 iron atoms. The straight line is a least square 
fit through the data. 
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Ms(
◦C) = 539−423×%C−30.4×%Mn−17.7×%Ni−7.5×%Mo
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Low carbon martensite up to 0.6wt% C, and Fe–Ni–Mn alloys

Habit planes : {557}γ (three variants to each {111}γ plane)

Orientation relation: K–S

Lath martensite
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same crystallographic orientation (variant). The packet is
aggregations of the blocks with the same {111}c plane in
austenite. Several packets can appear within a single prior
austenite grain since there are four different {111}c planes.
Each packet includes several blocks that are composed of
the martensite laths with different variants, but the same
{111}c planes. According to Fig. 1 and Table 2, a maxi-
mum of six different variants (blocks) can appear within
an identical packet. The misorientation of the packet
boundaries and block boundaries should be larger than
10.53�, the minimum misorientation angle between the dif-
ferent variants (Table 4). Briefly, the lath martensite struc-

ture should be a fine-grained structure that is divided by
many large-angle boundaries (packet and block
boundaries).

Fig. 5(a) shows an image quality (IQ) map and Fig. 5(b)
an inverse pole figure (IPF) color map obtained from the
FE-SEM/EBSD measurements over a large area
(55 · 65 lm2) of the 0.20 wt.% C steel after the martensite
transformation. The IQ map (Fig. 5(a)) reflects the quality
of the Kikuchi line for each measurement. For example, the
image quality is low, and thus the gray-scale level is dark at
the grain boundaries, because it is difficult to obtain clear
Kikuchi-line diffraction in these regions. Therefore, the
IQ map looks like a conventional SEM image. The IQ
map (Fig. 5(a)) clearly reveals a typical lath martensite
structure and prior austenite grain boundaries, which
implies that FE-SEM/EBSD provides reliable orientation
mapping despite the high density of dislocations in the lath
martensite structure (Fig. 3). Thus, FE-SEM/EBSD can be
a useful tool for crystallographic analysis even for lath
martensite in low-carbon steels. The colors in Fig. 5(b) cor-
respond to the crystallographic orientation normal to the
observed plane, as indicated by the stereographic triangle
in the inset. Fig. 5(b) clearly shows the detailed morphol-
ogy and crystallographic features of the lath martensite
structure. The boundaries in Fig. 5(b) are drawn for misori-
entation between adjacent points greater than 10� since the
misorientation calculations (Table 4) imply that all the
packets and block boundaries should have misorientations
larger than 10�. The figure indicates that martensite has a
fine-grained structure. The mean grain size of the lath mar-
tensite structure is evaluated by the equivalent grain size,
which is calculated by the total length of the high-angle
boundaries, whose misorientations are larger than 15�,
per unit area [15]. Consequently, the equivalent grain size
of the lath martensite structure is 2.1 lm, which is similar
to the previous result for 0.13% C steel martensite
(3.2 lm) [15].

Fig. 6(a) shows an IPF color map of the lath martensite
structure for a limited area of Fig. 5(b). The boundaries
(black line) are drawn when the misorientation between
adjacent points is greater than 10�. The martensite variants
are accurately analyzed to identify the prior austenite grain
boundaries. The white and red lines in Fig. 6(a) indicate the
prior austenite grain boundaries and packet boundaries,
respectively. Fig. 6(b) shows a {001} pole figure that
depicts the orientation of the martensite crystals from the
prior austenite grain surrounded by the white line in
Fig. 6(a). The pole figure (Fig. 6(b)) indicates the orienta-
tion spreads, which are consistent with the color gradient
in Fig. 6(a). The orientation spread from the ideal variant
orientations was also observed in the plate martensite
structure with the N–W orientation relationship in an
Fe–28.5 at.% Ni steel [12], but the orientation distribution
in the present lath martensite is much more scattered than
that in the plate martensite. The ideal orientations of the 24
variants (Fig. 2) are rotated to coincide with the actual ori-
entations of the measured martensite and are superimposed

Fig. 4. Microstructural hierarchy of the lath martensite structure.

Fig. 3. TEM image of the lath martensite in the 0.20 wt.% C steel.

H. Kitahara et al. / Acta Materialia 54 (2006) 1279–1288 1283
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1.3. Is the transformation complete?

The stress-free strain that governs the martensitic trans-
formation is the sum of two terms: a dilatation (volume
change) that is the same for every KS variant, and a shear
that is different for each variant. The observation that all
six KS variants of a given packet appear within it is
explained by the need to minimize the elastic energy due
to the shear [3]; the in-plane shears of the six variants com-
pensate to decrease the overall shear. However, even when
a packet contains all six variants in equal volume fraction,
there is a significant uniaxial strain along the common axis
of the packet (�5% in 9Ni steel [13]). To eliminate the shear
strain and minimize the strain energy the transformation
must be completed in the sense that not only does each
packet contain all six KS variants but, also, each prior aus-
tenite grain contains all of the four crystallographically dis-
tinct packets that arise from the four {111}c planes. If the
transformation is incomplete the austenite grain experi-
ences a significant shape change during the transformation,
and there is significant residual shear.

None of the studies of which we are aware [4–9]
addresses the issue of the completeness of the transforma-
tion. In fact, the work published by Furuhara et al. [6]
on 9Ni steel includes pole figures that appear to show an
incomplete transformation, frustrating the motivation for
the six-variant packet structure. To understand the
microstructure we must either document the complete

transformation of almost all prior austenite grains, or explain
how the residual transformation strain is accommodated.

1.4. Why bivariant blocks?

When a microstructure is dominated by an unusual fea-
ture, such as the bivarant block in low-carbon martensite,
it is natural to look for a thermodynamic driver that impels
that feature to appear. There are two factors that govern
the relative energies of the possible configurations of KS
variants within a prior austenite grain: the elastic energy
and the surface energy. The surface energy depends on
the type and area of the interfaces between the variants.
The elastic energy is more subtle; it is divisible into two
parts that influence the microstructure in very different
ways [14,15]. The first contribution comes from the
“long-range” or average strain, which governs the overall
shape change of the grain. The shape change depends on
the types and volume fractions of the KS variants that
are present, but is insensitive to their configuration. The
second contribution is from the “short-range,” internal
strain, which averages to zero over the volume. The inter-
nal strain and its associated energy do depend on the pre-
cise configuration of the variants.

It follows that the thermodynamic explanation for the
formation of bivariant blocks must be based on the contri-
butions from the internal strain and the surface energy
rather than the average strain.

Fig. 3. The six crystallographic variants of bcc that satisfy the KS relation on (111)c. The variants are identified at lower right with the notation in Eq. (3).
Variants of the same color (red, blue, green) have the same Bain axis. Variants that share the same close-packed direction are twinned with respect to one
another. Variants colored dark (light) are rotated 120� from one another in the plane. Since there are four choices for the {111}c plane, there are 24 KS
variants.

374 C.C. Kinney et al. / Acta Materialia 69 (2014) 372–385
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To clarify the mutual orientations of the approximately
planar blocks we use the fact that a block whose normal
axis is [011]a0 (=[111]c) can be referred to an orthogonal

coordinate system that includes this axis along with the
two perpendicular axes [100]a0 (=[�101]c) and [0�1 1]a0
(=[�12�1]c). These axes in the a0 frame can be consistently

Fig. 8. Two prior austenite grains from the “small-grained” 9Ni sample, colored to show the four crystallographically distinct packets. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. EBSD map and (011) pole figure of a typical prior austenite grain colored to show the distinct packets. Each rosette of poles in the figure is
centered on the poles of a particular packet, showing each packet has a common h011i axis. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 10. A prior austenite grain from the “large-grained” sample. (a) The “orange packet” is colored to show the lath and block structure. (b) The “yellow
packet” is colored to show laths and blocks.

C.C. Kinney et al. / Acta Materialia 69 (2014) 372–385 379
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Medium carbon martensite 0.5–1wt% C

Habit plane : {225}γ
Orientation relation: K–S

“acicular” martensite
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High carbon martensite more than 1wt% C, and high Ni steels

Habit plane : {259}γ
Orientation relation: N–W

Plate martensite

Bursts
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Burst martensite in Fe–30%Ni-0.31%C
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Hardenability
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Cooling stages

1. Vapour blanket

Cooling by radiation, depending on emissivity of the steel

2. Nucleate boiling

Quench medium boils

3. Convective cooling

Specimen fully covered by quenchant
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3 
 

2 Theory  
Here the theory for the project will be stated.  

2.1 Quenching 
One way to improve metals mechanical properties can be to perform different heat treatments. It 
involves heating and cooling of a work piece and the aim is to increase strength, hardness and other 
mechanical properties. There are several different types of heat treatments like annealing, tempering, 
precipitation strengthening and quenching. In this report the focus will be on the last one, quenching.  

When a work piece is rapidly cooled from its austenitizing temperature or solid solution treating 
temperature it is called quenching (G.E. Totten et al, 1991). By immersing the hot piece into a 
quenchant, it becomes cooled. This is to create a transformation in the microstructure. It will result in 
a certain hardness, strength and toughness. After a successful quenching the aim is minimize the risk 
of residual stresses or cracks. 

One material that can be quenched is steel. The steel piece is heated to a temperature in to the austenite 
phase. After the microstructure has transformed into austenite, quenching can be performed. The aim 
when quenching steel is usually to obtain the microstructure martensite. A fast cooling suppresses the 
ferrite, pearlite and bainite phases and forms the martensite.   

Depending on the characteristics of the metal work piece, different quenchants are used. Oil, water, 
water containing salt or aqueous polymer solutions are the most common quenchants (G.E. Totten et 
al, 1991). The focus in this report will be on mineral oil quenchants. 

2.2 Cooling curves 
To evaluate a quenchants performance, a so-called cooling curve can be used. Cooling curves can be 
obtained by heating a steel piece containing a thermocouple to an elevated temperature and then 
immersing it in to the quenchant of interest. The change in temperature versus time is recorded and 
plotted, see figure 1. From this curve the cooling rate is obtained by calculation. Both the cooling- and 
cooling rate curves are characteristic and unique for each quenchant (T.Holm et al, 2010).  

 
Figure 1 Cooling curve and cooling rate curve including the three different phases and the characteristics values (T.Holm et 
al, 2010). 
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In one dimension, Fourier’s law is

q = −k∂T
∂x

[J s−1m−2]

The heat conduction equation is
∂T

∂t
= κ

∂2T

∂x2

Newton’s law of cooling is

q = h(T1−T2) = h(temperature of body−temperature of surroundings)

k(T ) = thermal conductivity [J s−1 m−1 K−1]

κ(T ) =
thermal conductivity

volume heat capacity
= thermal diffusivity [m2 s−1]

h(T ) = heat transfer coefficient [J s−1 m−2 K−1]

H(T ) = quench severity [m−1] =
h

2k
∝ Biot number× area

volume
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Hardenability factors
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The two principal variables that influence hardenability of steel are:

1. prior austenite grain size

2. composition
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Jominy band
En 19B steel
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Tempering
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Stage 1: up to 250◦C; precipitation of ε−Fe3C, partial loss of
tetragonality.

Stage 2: 230–300◦C; decomposition of retained austenite.

Stage 3: 200–350◦C; ε−Fe3C transforms to θ−Fe3C (cementite),
loss of tetragonality.

Stage 4: >350◦C; θ coursens and spheroidises, ferrite recrystallises.
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