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Abstract

A kinetic Monte Carlo model for simulating the three-dimensional motion of dislocations

in body-centred-cubic metals with a focus on iron is introduced. It is shown that the

model produces results that are both consistent with theory and with those in the

literature, with a particular focus on two reference sources. In one case the model

shows that there is an error in the reference data, which is con�rmed by analysis

with theoretical equations. This model has been coded in the Python programming

language by the author of this report and is available at github.com.

https://github.com/k1767813/k1767813kMC


Acknowledgements

Firstly I would like to thank Professor Tony Paxton for giving me the opportunity to

continue my studies at PhD level. Secondly, I should thank my wife Sitti for putting

up with me talking about �kinetic Monte Python� for the better part of a year! Also,

thanks to Tigany Zarrouk for his help on the computers, and, �nally, thanks to Beryl,

Opal and Tar, without whom this report wouldn't have been possible!



Contents

1 Introduction 1

1.1 Overview and Objectives . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 The Kinetic Monte Carlo Method . . . . . . . . . . . . . . . . . . . . 3

1.3 Dislocations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.1 Geometric Properties . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.2 Dislocation Movement . . . . . . . . . . . . . . . . . . . . . . 9

1.4 Slip in Body-centred-cubic Crystals . . . . . . . . . . . . . . . . . . . 11

2 Thermal Activation 13

2.1 Activation Energy and Activation Volume . . . . . . . . . . . . . . . 13

2.2 The Peierls Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 Line Tension Model . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.2 Elastic Interaction Model . . . . . . . . . . . . . . . . . . . . . 23

2.2.3 Model Validity . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.4 Kocks' Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3 The Frequency Prefactor . . . . . . . . . . . . . . . . . . . . . . . . . 26

3 The Kinetic Monte Carlo Model 29

3.1 Previous Studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3 Dislocation Velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4 Results and Discussion 39

4.1 Comparison with Reference Data I . . . . . . . . . . . . . . . . . . . 39

4.2 Comparison with Reference Data II . . . . . . . . . . . . . . . . . . . 43

4.3 General . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5 Summary and Outlook 51

Bibliography 60

iii



Chapter 1

Introduction

1.1 Overview and Objectives

For centuries iron and civilisation have been inextricably linked, and with global

steel production exceeding 1.8 billion tonnes in 2019 [1], this relationship shows little

sign of weakening. Of the body-centred cubic (bcc) metals, then, iron is probably

the most important to our society, and a better understanding of how it plastically

deforms will be helpful in the design of stronger, more resilient alloys of this material

and will also allow more accurate predictions to be made regarding the longevity of

components made from such alloys.

Central to the understanding of how crystalline materials such as iron plastically

deform is the role of line defects known as dislocations [2]. The glide of these defects

under applied stress results in the slip of crystallographic planes of atoms over one

another, with this process of slip being the main mode of plastic deformation in

these materials. The motion of a dislocation is accomplished by the breaking and

recon�guring of those atomic bonds immediately around its line. This nescessitates

an atomistic approach to accurately account for the processes occuring in this core

region, which is typically a few interatomic spacings in size, around the dislocation

line. Electronic structure (ES) calculations and molecular dynamics (MD) simulations

are used for this purpose; however, because of the limited system sizes (ES up

to ∼ 1000 atoms) and time scales (up to ∼µs) associated with these simulation

methods, their results are not directly comparable with experiment. In general,

dislocation motion occurs over relatively longer time scales, which can include rare
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Overview and Objectives 2

thermally activated events.

To help bridge this gap between the experimental and the atomistic, results from

atomistic calculations are used to parameterise elastic continuum [3] approaches to

dislocation modelling. One of these approaches is dislocation dynamics (DD) [4,5],

in which dislocation networks are represented by nodes connected by straight line

segments. Dislocation motion is treated as deterministic, with nodal forces and the

velocities in response to these forces being calculated. This approach is capable of

simulating much larger systems, closer to experimental sizes and time scales (∼ s) [6],

limited in reliability only by how accurately the nodal velocities are calculated in

response to the forces.

The single most important input to a DD simulation is dislocation velocity

as a function of stress and also of temperature; i.e. mobility rules. Although

mobility rules can be extracted directly from atomistic simulations, they can also be

provided by another elastic continuum approach, which also represents dislocations

by interconnected straight line segments. Unlike DD, however, this approach is

stochastic, utilising the kinetic Monte Carlo (kMC) method [7�9].

Simulations utilising the kMC method evolve through a sequence of elementary

events, which are randomly chosen with a probability proportional to the event's

rate of occurrence. Atomistic information is incorporated by expressing the event

rates in terms of their respective energy barriers. The advantage of this approach is

that any experimental time scale can be achieved. This is due to both the fact that

the simulation time-step, although stochastic, depends on the reciprocal of the sum

of the rates of each possible event calculated at each iteration and that each event is

associated with a system transition between metastable states. The latter fact also

makes this approach more computationally e�cient than MD, as phase trajectories

around energy minima are neglected. Another di�erence with DD is that, although,

in general, only one dislocation is simulated at a time, �ner detail is resolved along

the dislocation line so that complicated interactions between short line segments

known as kinks (this will be described in more detail in the following sections) are

included.

Taking into account kink interactions together with the fact that the dynamics

of the dislocation line can be tracked over much longer time-scales, means that
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more accurate mobility rules can be extracted for use in DD simulations than those

extracted directly from atomistic simulations. However, dislocation simulations

utilising the kMC method are not only useful for extracting mobility rules for DD

simulations. The velocity data obtained from them are valuable in their own right;

e.g. for calculating the plastic strain rate of a material using the Orowan equation [10]

and particularly for predicting regimes of solid solution softening or hardening under

di�erent levels of temperature, applied stress and solute concentration [11�13].

The aim of this research project has been to develop a kMC code that simulates

the motion of a screw dislocation in a perfect bcc lattice of iron (α-Fe). The motion

is three-dimensional, on intersecting {110} planes, which allows complicated kink

interactions to occur. This code has been written in the Python programming

language. The results of simulations using this code are presented in this report,

and it's shown that this code produces results that are both consistent with those

in the literature and with the predictions of theoretical equations. This work forms

the basis for future research in this area in which carbon will also included in the

model, needing only parameterisation from atomistic calculations to do so. This

code can also be easily adapted for other bcc metals.

The structure of this report is as follows. In Chapter 2 the relevant theory that

the model describes will be developed, followed by a discussion of previous works and

the model implementation in Chapter 3. In Chapter 4 the results will be presented

and discussed, and the report is concluded in Chapter 5. The remainder of this

Chapter will describe the kMC method followed by an introduction to dislocation

theory and slip in bcc materials.

1.2 The Kinetic Monte Carlo Method

Monte Carlo methods, such as those based on the Metropolis algorithm [14], sample

a system's equilibrium distribution, and time has no physical meaning in such

simulations. In contrast, although random numbers are also used to generate a

random sequence of moves, a kMC simulation evolves a system dynamically in real

time. This time evolution is course-grained, being the time that the system spends

in energy minima between transitions between them, with these transitions being
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rare (and too slow to be observed on the time scales of atomistic simulations) if the

energy barriers are larger than the available thermal energy (kBT ).

The kMCmethod is best applied to situations where a system evolves stochastically

through a succession of elementary events where there are only a few possible event

types. The thermally activated motion of a dislocation is just such a situation for

which the kMC method is well suited to model, as this motion can be broken down

into just three elementary events: kink-pair nucleation, kink migration and kink

annihilation, which are described as follows. Thermal �uctuations can cause a short

segment of the dislocation line to advance over to the next potential valley of the

periodic lattice potential, creating a pair of oppositely signed kinks in the process,

which straddle the potential hill between the valleys. This process of kink-pair

nucleation is illustrated in Figure 1.1.

Figure 1.1: Illustrating the nucleation of a kink-pair. F represents the lattice potential,
F0 the dislocation free energy along the potential valley, L is the kink-pair width and λ is
the distance between potential valleys [15].

The kink-pair may then either annihilate, i.e. recombine after being pulled

toward each other due to their mutual elastic attraction, or they may migrate,

moving apart with the assistance of thermal �uctuations and/or stress, eventually

pulling all of the dislocation line into the next potential valley.

Now, the occurrence rates J of these events are expressed as the product of a
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frequency pre-factor (an attempt frequency) f and a Boltzmann factor:

J = f exp

(
−∆G(τ, T )

kBT

)
, (1.1)

where kB is Boltmann's constant and T is the absolute temperature. ∆G is the Gibbs

free energy of activation, which can be determined through atomistic calculations,

and it's in general a function of stress τ and temperature T . It's the energy that

must be supplied by thermal �uctuations at constant temperature and stress and,

following the convention of Schoeck [16] and Kocks et al [17], it's de�ned as

∆G = ∆F −∆W, (1.2)

where ∆F is the Helmholtz free energy di�erence between that of the saddle point

and that of the ground state and ∆W is the work done by the applied stress. If

∆W = 0, then ∆G would be the di�erence between the potential peak and F0 in

Figure 1.1; though, the saddle con�guration of the dislocation changes with the

applied stress.

The frequency prefactor f could be determined using harmonic transition state

theory (HTST) [18]; however, even this approximation is computationally expensive

for large systems. In the literature, this prefactor is either estimated [6,12,13,19�21]

or �tted to experimental data [11], with values used being found between 109 and

1013 s−1.

The event occurrence/transition rates are completely determined by the con�guration

of the dislocation line at each kMC time step, making the random sequence of

dislocation con�gurations produced by the transitions a Markov chain. Given a

particular dislocation con�guration, the total rate of escape R from this state is

given by

R =
∑
α,i

Jα,i, (1.3)

where α represents the event type and i the particular dislocation segment. The

residence time ∆t in this state is a random variable that satis�es the exponential

distribution: p(∆t) = Re−R∆t. By selecting a random number q uniformly distributed
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in the range [0, 1), we can obtain� ∆t = −R−1 ln(1− q).

So, at each time step of the kMC simulation the transition rates for each segment

of the dislocation line are calculated and a residence time is randomly selected, which

depends on the total transition rate R. Which of the total number of events is chosen

depends on its contribution to R, and this is done by applying the method introduced

by Bortz, Kalos, and Lebowitz [7], which is detailed in the following algorithm that

summarises a general kMC simulation.

The kMC Algorithm

1. Initialise the simulation. Set the time t := 0.

2. Calculate and form a list of all of the rates Ji of all possible transitions

available to the current state of the system.

3. Calculate the cumulative function Sk :=
∑k

i=1 Ji for i = 1, . . . , N , where N

is the total number of available transitions. Denote R := SN .

4. Draw a random number q1 uniformly distributed in [0, 1) and then update

the time t := t+ ∆t, where ∆t := −R−1 ln(1− q1)

5. Draw another random number q2 uniformly distributed in [0, 1) and �nd the

event k to carry out by �nding the k for which Sk−1 < Rq2 ≤ Sk, where

S0 = 0.

6. Carry out the event k.

7. If the maximum number of iterations is reached, stop. Otherwise, return to

step 2.

This algorithm is known as the residence-time algorithm or the n-fold way.

1.3 Dislocations

1.3.1 Geometric Properties

A dislocation is de�ned by two vectors: a line direction ξ and a Burgers vector b.

The Burgers vector of a dislocation quanti�es the amount of crystal distortion caused

by its presence, and for the non-dissociated dislocations that are considered in this

work, it is always a lattice translation vector. If we consider a crystal containing

�Since
∫∞
0 p(t) dt = 1, then for q we have q =

∫ ∆t
0 p(t) dt. Integrating and then inverting the result yields

∆t = − ln(1− q)/R. Also, 〈t〉 =
∫∞
0 tp(t) dt = 1/R.
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a dislocation as a deformed continuum body, then, using the displacement �eld

u, which relates the deformed con�guration of the crystal with the undeformed

con�guration (without the dislocation), the Burgers vector can be de�ned by the

line integral

b =

∮
C

du, (1.4)

where C is any closed curve in the crystal around the dislocation line. If C enclosed

several dislocations, then the integral would give the vector sum of their Burgers

vectors. This integral being non-zero expresses the fact that the displacement �eld

u in a crystal with a dislocation must be discontinuous or multivalued. This is

the case as the atoms of such a distorted crystal cannot be brought into one-to-one

correspondence with the atoms of the same crystal without the dislocation.

Now, dislocations can be classi�ed into two primary types according to the angle

between their line direction and Burgers vector: edge dislocations, which have b·ξ =

0, and screw dislocations, such as the one modelled in this work, which have b ·ξ =

±|b| = ±b. For edge dislocations, this relation de�nes a unique plane on which they

are constrained to glide. Screw dislocations, however, are not restricted in this way,

and are free, in principle, to glide on any plane, being able to cross-slip from one

to another depending on the local stress conditions. The kinks on the dislocation

modelled in this work, however, are of edge type, and so they are constrained to

move on their own glide planes during migration. In general, dislocations found in

real materials are of a mixed type, showing the characteristics of both, and so are

constrained to move on a single glide plane, due to their edge component.

(a) (b) (c) (d)

Figure 1.2: (a) A perfect simple cubic crystal. (b) Creation of an edge dislocation ⊥ by
shearing the top half of the perfect crystal along the half plane A (solid line). A screw
dislocation (c) and a mixed dislocation (d) [6].
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Figure 1.2 shows a perfect simple cubic crystal in (a), and, also in simple cubic

crystals, an edge dislocation in (b), a screw dislocation in (c) and a mixed dislocation

in (d). The edge dislocation in (b), which is indicated by ⊥, has been formed by

shearing the top half of the perfect crystal over the half plane A, which is indicated by

the solid line. The dislocation is situated at the edge of an extra half-plane of atoms

B, and its line (perpendicular to the plane of the �gure) is the boundary between

the slipped portion and the unslipped portion (indicated by the dashed line) of the

crystal. As can be seen, b is perpendicular to the dislocation line and is a lattice

translation vector. An edge dislocation could also be formed by the condensation of

interstitials or vacancies (extra atoms in the lattice or empty atomic sites).

A screw dislocation is called as such as the atoms around the dislocation line

are arranged in a spiral. This is shown in Figure 1.2(c) by the arrows around the

solid line. The �gure also shows that the dislocation line still forms the boundary

between the slipped (dark grey) and unslipped (light grey) portions of the crystal

and that b is a lattice translation vector. However, in contrast to Figure 1.2(b), the

shear displacement by b of the top half of the crystal with respect to the bottom half

is now parallel to the dislocation line rather than perpendicular to the dislocation

line.

Figure 1.2(d) shows a mixed dislocation. The mixed dislocation begins with edge

character (on the left), ends with screw character, and at intermediate points it can

be resolved into edge and screw components using the angle between the dislocation

line and b. Now, the amount of crystal distortion on the surface bounded by the

dislocation line (dark grey) is constant. Therefore, b must be the same at all points

along the dislocation line � it's an intrinsic property of it.

Finally, two dislocations with the same line direction but opposite Burgers vectors

are physical opposites, and would annihilate, restoring a perfect crystal, if brought

together. This is the case for the kink and the antikink in a kink-pair. Also,

a dislocation cannot begin or end inside a crystal; it must either intersect a free

surface, form a closed loop or branch into other dislocations.
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1.3.2 Dislocation Movement

Glide and Climb

As mentioned earlier, dislocations glide under applied stress. Glide is when a

dislocation moves in a plane that contains both its line and Burgers vector (its

glide plane), and this type of motion is conservative, as the number of atoms and

lattice sites is conserved. Edge dislocations glide in the direction of (crystal) slip b,

whereas screw dislocations glide perpendicular to b; though the direction of slip is

still b. The glide of many dislocations results in the slip of crystallographic planes

of atoms over one another, the manifestation of which is the formation of steps on

the surface of a crystal. The direction of slip (which is given by b) corresponds to

one of the shortest lattice translation vectors, and this is usually the direction along

which the atoms are the most closely spaced, whereas glide planes tend to be those

with the largest interplanar spacing.

Another form of dislocation motion is climb, which is when a dislocation moves

out of its glide surface, perpendicular to its Burgers vector. This is a non-conservative

form of motion, as material has to be added or removed for it to take place. For

example, if the row of atoms directly above the edge dislocation in Figure 1.2(c) was

to be removed, then the dislocation would climb upwards. Pure screw dislocations

have no extra half-plane and so, in principle, cannot climb.

In this work, the focus is on glide motion, which occurs much more readily

than climb under typical mechanical conditions, and so is the dominant form of

dislocation mediated plastic deformation. Consequently, dislocations are typically

characterised by their Burgers vector and glide plane, and for the type of screw

dislocations considered in this work this is written as 1
2
〈111〉{110}.

The CRSS, Schmid's Law and the Peierls Stress

Consider Figure 1.3 in which a cylindrical crystal is being deformed in tension by a

uniaxial force F . The shear stress resolved on the slip-plane in the slip direction, τ ,

is given by

τ =
F

A
cosφ cosλ, (1.5)
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Figure 1.3: Illustration of the geometry of slip [22].

where A is the cross-sectional area of the crystal. The value of τ required to initiate

slip/dislocation glide is known as the critical resolved shear stress or the CRSS.

For such a uniaxial deformation of a crystal (tension or compression), Schmid's law

states that, irrespective of the crystal orientation, glide sets in at that axial stress

F/A at which the resolved shear stress reaches this critical value [23]. A corollary of

this is that if there are a set of crystallographically equivalent slip systems such as

the bcc 〈111〉{110} systems on which the type of screw dislocations modelled in this

work glide, then the �rst one to be activated under such uniaxial deformation will

be the one where the Schmid factor, i.e. cosφ cosλ, is closest to 1/2 [24].

The minimum value of the CRSS would apply to a single dislocation in an

otherwise perfect crystal, and in the low temperature limit this stress is referred to as

the Peierls stress τp ; i.e. the minimum stress required to initiate dislocation glide at

zero temperature. The Peierls stress can be obtained from the maximum derivative

of the Peierls potential, i.e. the periodic lattice potential mentioned earlier, with

respect to a dislocation line's position; though, this assumes that the dependence of

the Peierls potential on the applied stress tensor can be neglected [25,26].

Finally, under zero applied stress, the energy barrier (per unit length) to dislocation

glide motion is known as the Peierls barrier (the di�erence between F0 and the

potential peak in Figure 1.1), and as mentioned earlier, this can be surmounted with
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the aid of thermal �uctuations by the nucleation and subsequent lateral relaxation of

kink-pairs, even if the applied stress �eld is less than τp. This kink-pair mechanism

of dislocation motion is often also referred to as the Peierls mechanism.

The Peach-Koehler Force

The force f acting on a unit line element of a dislocation due to an external stress

�eld described by the tensor τ is given by the Peach-Koehler formula [27]:

f = (b · τ ) × ξ, (1.6)

such that glide forces always act perpendicularly to the dislocation line.

1.4 Slip in Body-centred-cubic Crystals

The plasticity of bcc metals depends strongly on temperature and strain rate below

a critical temperature that is around 10�25% of the melting point. This temperature

and strain rate dependence is caused by the thermally activated motion of 1
2
〈111〉

screw dislocations, which proceeds by means of the Peierls mechanism [28,29].

The mobility of 1
2
〈111〉 screw dislocations is severely limited by a non-planar core,

which spreads symmetrically on to three {110} planes of the 〈111〉 zone [30�33]. This,

spreading in a sense, �anchors� the core, and it must undergo a transformation to a

glissile con�guration before slip can begin, which means that the activation energy

for kink-pair nucleation is relatively high. In contrast, non-screw dislocations of the

same Burgers vector are highly mobile and move with velocities that scale linearly

with the applied stress. This is because they have a planar core structure, and so

no transformation of the core is required to initiate glide, which can thus begin at

much lower (Peierls) stresses than those of the screw dislocation [28,34].

Dislocations in fcc and other close-packed metals where atoms can easily be

shifted with respect to each other also have planar cores. They therefore also have

low Peierls stresses and activation energies for kink-pair nucleation, which means

that the Peierls mechanism is restricted to temperatures close to 0K in these crystals

and that their plasticity is only very weakly temperature dependent [35,36].

The slip direction in bcc crystals is well established to be 〈111〉 and it is now



Slip in Body-centred-cubic Crystals 12

generally accepted that the elementary slip planes are {110}. That the slip planes

are {110} is evident at very low temperatures where this almost always observed

to be the case, with the slip being planar. However, at higher temperatures slip

becomes non-planar, with slip traces becoming increasingly wavy and di�use, and

slip activity seemingly being observed on {112} and {123} planes [29]. More recent

experiments [37�39] and atomistic and DD results [40�43], though, show that the slip

seemingly being observed on other planes is composed of elementary steps on {110}

planes only, of which there are three that intersect any 〈111〉 direction. Which

average plane that slip is observed on is a compromise between the maximum-

resolved-shear-stress (MRSS) plane (which may not be a lattice plane) and a close-by

plane of low resistance to dislocation motion.

Another contrast with fcc metals (and most other close packed metals) is the

breakdown of Schmid's law in bcc metals. One manifestation of this is that the

CRSS to make a screw dislocation glide along [111] or [1̄1̄1̄] directions on average

{112} planes is not equal. The is due to the fact that the {111} planes are not mirror

planes in the bcc lattice � the so called twinnning-antitwinning asymmetry. A related

e�ect is tension-compression asymmetry, where the critical stresses for tension and

compression are di�erent for the same loading orientation [44]. The former two non-

Schmid e�ects are intrinsic e�ects, which are a property of the bcc lattice. Another

deviation from Schmid's law is that components of the applied stress tensor that

do not exert any glide force on the dislocation can also a�ect the CRSS required to

initiate glide. This is an extrinsic non-Schmid e�ect, and it's another consequence

of the spreading of the screw dislocation's core, which allows it to be modi�ed by

stresses both parallel and perpendicular to the slip direction [26,40,44,45].

In summary, the non-planar core structure of the 1
2
〈111〉 screw dislocations leads

to a large intrinsic lattice friction, which makes the plasticity of bcc materials

strongly temperature dependent, and it also allows it to be a�ected by non-glide

stresses, a manifestation of which is wavy and di�use (non-Schmid) glide at higher

temperatures. Lastly, the mirror aysmmetry of the bcc lattice about {111} planes

leads to the intrinsic non-Schmid e�ects of twinnning-antitwinning asymmetry and

tension-compression asymmetry.



Chapter 2

Thermal Activation

In this chapter thermal activation as applied to the motion through the kink-

pair/Peierls mechanism of 1
2
〈111〉 screw dislocations in bcc materials will be reviewed.

Firstly, the concept of activation volume will be introduced. Next, the Peierls

mechanism will be analysed through two simple models and a phenomenological

formula that describes the stress dependence of the activation energy for kink-pair

nucleation will be introduced. Lastly, the frequency prefactor for the kMC event

rates (Equation (1.1)) will be discussed.

2.1 Activation Energy and Activation Volume

As stated in Section 1.1, the Gibbs free energy of activation ∆G is the energy that

must be supplied by thermal �uctations at constant temperature and stress, and it's

given by

∆G = ∆F −∆W = ∆U − T∆S − τb∆A, (2.1)

where ∆U and ∆S are the internal energy and entropy changes, respectively. The

term τb∆A is the work done by the applied stress τ (resolved in the glide plane),

where ∆A is the area swept out by a dislocation during the nucleation of a kink-pair;

i.e. the di�erence between the area enclosed by the dislocation when the kink-pair is

in the saddle (unstable equilibrium) con�guration and that before the nucleation of

the kink-pair (stable equilibrium). It's known as the activation area and b∆A = V

the activation volume, and they are experimentally measurable quantities [15,17,46].

13
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The activation volume is usually de�ned as

V = −
(
∂∆G

∂τ

)
T

,

which can be seen from

dG = dU − d(TS)− d(τV )

= TdS + τdV − SdT − TdS − V dτ − τdV

= −SdT − V dτ

=

(
∂G

∂T

)
τ

dT +

(
∂G

∂τ

)
T

dτ, (2.2)

where dU = TdS + τdV , as work is done on the system by the applied stress.

Another useful relation is

∆H = ∆G+ T∆S = ∆U −∆W, (2.3)

where ∆H is the activation enthalpy, and obviously ∆H = ∆G when T = 0. Now,

it has been shown for the case of iron that ∆G is within 5% of ∆H for a broad

temperature range [47]. So, from here on in, the simpli�cations will be made that

∆G = ∆H and ∆F = ∆U. (2.4)

2.2 The Peierls Mechanism

The Peierls or kink-pair mechanism, which describes the lattice friction acting on a

dislocation, is usually described by two models following Seeger [48], the applicability

of which depend on stress and temperature: a line tension model for a high stress

and lower temperature regime, and an elastic interaction model for a low stress and

higher temperature regime. These are described as follows, with expressions for

the kink-pair activation energies being derived and the validity of the models being

discussed.
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Figure 2.1: �Two limiting forms of idealisation of a double kink on a screw dislocation:
(a) at low stresses, where the double kink is made up of two well-separated, fully formed
right-side and left-side kinks; (b) at high stresses, where the activation con�guration is
more in the form of a bulge that just places a portion of the line over the peak of the
energy ridge [15].�

2.2.1 Line Tension Model

In the high stress and lower temperature regime that applies for this model, the

saddle con�guration of the kink-pair is a bulge where just a portion of the line

reaches over the potential ridge/Peierls barrier. This is shown in Figure 2.1(b) for

three values of applied stress as a fraction of the Peierls stress (note that in the �gure

the applied stress resolved in the glide plane is σ and the Peierls stress is τ̂ rather

than the τ and τp, respectively, which were used earlier), where the x-direction is

along the potential/Peierls valley and the dislocation line is mostly aligned along

this direction and the y-direction runs between the valleys. As the applied stress

increases the dislocation is lifted further from the bottom of the potential/Peierls

valley and less of the line reaches over the Peierls barrier. Once the applied stress

reaches the Peierls stress (at 0K), the dislocation line will move in one go across the

barrier; i.e. the Peierls mechanism will cease to apply.

Energy of a Critical Bulge

Now, initially following Dorn and Rajnak [49], in the absence of thermal �uctuations

and under an applied stress τ , the dislocation line will be shifted to a position y0
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above the bottom of the Peierls valley. This position is obtained from the balance

of forces

τb =
dU(y)

dy

∣∣∣∣
y=y0

, (2.5)

where U(y) and τb, respectively, represent the Peierls potential and the force due

to the applied stress (both per unit length of the dislocation line). The potential

term U(y) also includes the energy per unit length of a straight dislocation line

lying in a Peierls valley U0. The activation enthalpy of the kink-pair/bulge saddle

con�guration is then given by the excess energy of the bulged line con�guration over

that of a straight dislocation line lying along y0 minus the work done by the applied

stress:

∆H =

∫ ∞
−∞

[U(y) ds− (U(y0) + τb(y − y0)) dx] , (2.6)

where ds =
√
dx2 + dy2 is the length of an in�nitesimal segment of the bulged

dislocation line. The saddle con�guration of the dislocation line can be found using

the balance of forces (line tension equilibrium condition)

TL
d2y

dx2
=
TL
2

d

dy

(
dy

dx

)2

=
dU(y)

dy
− τb, (2.7)

where the �rst term on the left side is the self stress due to the curvature with line

tension TL. For the smooth model Peierls potentials (Figure 2.2), the boundary

conditions for this problem to be satis�ed are

y = y0,
dy

dx
= 0 at x = ±∞, (2.8)

y = ys,
dy

dx
= 0 at x = 0. (2.9)

where ys is the y-coordinate of the tip of the bulge. Integrating Equation (2.7) gives

TL
2

(
dy

dx

)2

= U(y)− τby + C, (2.10)
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where C is a constant, and integrating again gives

x = ±
√
TL
2

∫ ys

y

(
U(y ′)− τby ′ + C

)−1/2
dy ′, (2.11)

where ys is the constant of integration in this case. From the boundary conditions

x → ±∞ as y → y0 it can be deduced that C = −U(y0) + τby0, as the integrand

must diverge as y → y0, and that the + sign must be taken for x > 0 and the −

sign for x < 0. Equation (2.10) can then be rewritten as

(
dy

dx

)2

=
2

TL
[U(y)− U(y0)− τb(y − y0)] , (2.12)

and from the second boundary condition (2.9), we obtain a relation for ys:

U(ys)− U(y0)− τb(ys − y0) = 0. (2.13)

For y > ys,
dy
dx

is imaginary; i.e. there are no solutions for the tip of the bulge beyond

ys. The physical interpretation of this is that, beyond ys, the bulge separates into

a pair of kinks travelling to x = ±∞ under the applied stress. For y < ys,
dy
dx

is

discontinuous at x = 0, which corresponds to a point force acting on the dislocation

in the positive y-direction at x = 0, with this force being required to hold the

dislocation in position for y < ys
[49].

Now, following Caillard and Martin's [46] line tension (LT) approximation, the

integral (2.6) can be written as

∆H =

∫ ∞
−∞

U(y)

√
1 +

(
dy

dx

)2

− U(y0)− τb(y − y0)

 dx, (2.14)

then using Equation (2.12) and the assumption that dy
dx
� 1 in metals, the integral

becomes

∆H =

∫ ∞
−∞

[
U(y)

(
1 +

1

2

(
dy

dx

)2
)
− U(y0)− τb(y − y0)

]
dx; (2.15)
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Figure 2.2: Showing some simple model Peierls potentials. (Note that E here is U in the
main text.) [46].

that is,

∆H =

∫ ∞
−∞

[
U(y)− U(y0)− τb(y − y0)

+
U(y)

TL
[U(y)− U(y0)− τb(y − y0)]

]
dx, (2.16)

and changing the variable gives

∆H = 2

√
TL
2

∫ ys

y0

[
U(y)− U(y0)− τb(y − y0)√
U(y)− U(y0)− τb(y − y0)

+
U(y)

TL

[U(y)− U(y0)− τb(y − y0)]√
U(y)− U(y0)− τb(y − y0)

]
dy, (2.17)

where the factor of 2 comes, as the bulge is symmetric about x = 0. Simplifying,

using the assumptions that TL ≈ U0 and U(y)− U(y0)� U0, we obtain

∆H = 2
√

2U0

∫ ys

y0

√
U(y)− U(y0)− τb(y − y0) dy. (2.18)

The integral in Equation (2.18) can be solved analytically using the anti-parabolic

potential, which is shown in Figure 2.2 along with some other simple model potentials.

This potential, which is given by

U(y) = U0 + 4∆U
y

h

(
1− y

h

)
, (2.19)

where ∆U is the height of the Peierls barrier, has its maxium gradient at y = 0

such that τp = 4∆U/(hb). This leads to the unphysical feature that the dislocation

remains trapped in the Peierls valley at y = 0 until the Peierls stress is met, with
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ony the amplitude of the bulge changing with the applied stress. However, it was

shown by Argon [15], by comparison with experimental results, that there is little

penalty paid for this feature of the potential, which allows the LT model to be

solved analytically.

Expressing the potential (2.19) in terms of τp and substituting it into Equation

(2.18) leads to

∆H =

√
8τpbU0

h

∫ ys

0

√
h

(
1− τ

τp

)
y − y2 dy, (2.20)

and from Equation (2.13) it is found that ys = h(1− τ/τp), and so the integral can

be rewritten as

∆H = C

∫ ys

0

√
−
(
y − ys

2

)2

+
y2
s

4
dy, (2.21)

where C =
√

8τpbU0/h. This can be solved by use of two substitutions and

trigonometric identities:

∆H = C

∫ y=ys

y=0

√
−4u2 + y2

s

2
du = C

∫ y=ys

y=0

√
−y2

s sin2 v + y2
s

2

(ys cos v)

2
dv

= C

∫ π/2

−π/2

y2
s

8
(1 + cos 2v) dv

= C
y2
s

8
π; (2.22)

that is,

∆H =
πh2

8

√
8τpbU0

h

(
1− τ

τp

)2

=
πh√

2

√
∆UU0

(
1− τ

τp

)2

(2.23)

after using the relations for C, ys and τp. Hence, this is the activation enthalpy of

a critical bulge, and it will now be shown that the prefactor to the quadratic term

gives the energy of two isolated kinks.

Energy of an Isolated Kink

This derivation follows that of the critical bulge; however, it is simpli�ed due to the

absence of a work term. The kinked dislocation line con�guration is shown in Figure
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Figure 2.3: �Equilibrium shape of an isolated kink (smooth potential) [46].�

2.3, and the energy is given by (using dy
dx
� 1 again)

Uk =

∫ ∞
−∞

[
U(y)

(
1 +

1

2

(
dy

dx

)2
)
− U0

]
dx; (2.24)

i.e. the excess energy of the kinked dislocation over that of a straight one lying in a

Peierls valley with energy U0. The equilibrium line con�guration can be found using

the LT equilibrium condition once more:

TL
2

d

dy

(
dy

dx

)2

=
dU(y)

dy
, (2.25)

and the boundary conditions for this problem to be satis�ed are

y = 0,
dy

dx
= 0 at x = −∞, (2.26)

y = h,
dy

dx
= 0 at x = +∞. (2.27)

Integrating Equation (2.25) and using the boundary condtions gives

TL
2

(
dy

dx

)2

= U(y)− U0, (2.28)

and substituting this into Equation (2.24) then changing the variable gives

Uk =

∫ ∞
−∞

[
U(y)

(
1 +

1

TL
(U(y)− U0)

)
− U0

]
dx

=

∫ h

0

√
TL
2

[
U(y)− U0 + U(y)

TL
(U(y)− U0)√

U(y)− U0

]
dy. (2.29)

Using the same assumptions that led to Equation (2.18) and simplifying, we obtain

Uk =
√

2U0

∫ h

0

√
U(y)

U0

− 1 dy. (2.30)
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Now, to show that the prefactor in Equation (2.23) gives the energy of two isolated

kinks, the anti-parabolic potential (2.19) must be substituted into the equation

(though, (2.30) is valid for other potentials):

Uk =
√

2U0

√
4∆U

h2U0

∫ h

0

√
(hy − y2) dy

=
√

2U0

√
4∆U

h2U0

∫ h

0

√
−
(
y − h

2

)2

+
h2

4
dy. (2.31)

This is identical in form to Equation (2.21), and so the result is

Uk =
√

2U0

√
4∆U

h2

h2

8
π =

πh

2
√

2

√
∆UU0, (2.32)

which is half the prefactor of Equation (2.23).

Hence, we have that for the LT model, under a high stress and lower temperature

regime, the activation enthalpy for kink-pair nucleation is given by

∆H = 2Uk

(
1− τ

τp

)2

, (2.33)

where Uk =
πh

2
√

2

√
∆UU0 is the energy of an isolated kink.

Testing The Model

Predictions for the Peierls stress and kink-pair energy (2Uk) in α-Fe have been

obtained using three of the potentials shown in Figure 2.2, which are shown in their

functional form in Table 2.1 along with their associated expressions for the kink-

pair energy (derived using Equation (2.30)) and Peierls stress. These predictions

are shown in Table 2.2 along with experimental values and predictions that used ES

calculations based on the density functional theory (DFT). The predictions based

on the sinusoidal potential are closest to the reference values.

The discrepancy between the experimental values for τp and the others in Table

2.2 is a common feature found in the literature, which is attributed to not taking

into account zero-point energy vibrations and non-glide e�ects such as interactions

with other dislocations [56,57].

The parameters used for the predictions based on the model potentials came from



The Peierls Mechanism 22

Table 2.1: Showing the functional form of three of the potentials shown in Figure 2.2,
along with their associated kink energies, calculated using Equation (2.30), and their Peierls
stresses, found from their maximum gradient [46].

Potential U(y) Kink-Pair Energy 2Uk Peierls Stress τp

Parabolic
U0 + 4∆U y

h

(
1− y

h

) π

21/2
h (∆UU0)1/2 4

∆U

hb

Sinusoidal
U0 + ∆U

2

(
1− cos 2πy

h

) 25/2

π
h (∆UU0)1/2 π

∆U

hb

Eshelby
U0 + 16∆U

(
y
h

)2 (
1− y

h

)2 0.943h (∆UU0)1/2 3.08
∆U

hb

Table 2.2: Showing values for the kink-pair energy 2Uk and the Peierls stress τp in α-Fe,
calculated using the three potentials and the formulae in Table 2.1. The parameters used
were b = 2.49 Å [11], h = 2.31 Å [11], ∆U = 0.035 eV b−1 [32] and U0 = 3.57 eVÅ−1 [32,50,51]

Parabolic Sinusoidal Eshelby DFT Experimental

2Uk/(eV) 1.15 0.93 0.98 0.73�0.91 [32,50,51] 0.60�0.91 [52�54]

τp/(MPa) 1572 1235 1210 1000�1450 [32,50,51] 370�395 [54,55]

four sources: the value for the Peierls barrier of ∆U = 0.035 eV b−1 (i.e. eV per

Burgers vector) was obtained from Itakura et al [32]; those for the Burgers vector and

distance between Peierls valleys, respectively b = 2.49 Å and h = 2.31 Å [11], from

Katzarov et al [11]; and that for the LT/dislocation ground state energy of U0 =

3.57 eVÅ
−1

was the arithmetic mean of those from three of the sources [32,50,51]. The

values for ∆U and U0 from the reference sources were calculated using DFT. Those

for U0 were calculated using three di�erent DFT codes (VASP, SIESTA and PWSCF,

respectively 3.08eVÅ
−1
, 4.1eVÅ

−1
and 3.52eVÅ

−1
), and so the average was taken.

The dislocation LT was calculated similarly in all three reference sources using a

discretized form of Equation (2.6) so that results from atomic-scale simulations,

where in-row atomic displacements are constrained to reproduce the �rst stage of

the formation of a kink-pair, could be utilised. The DFT values for the kink-pair

energy in Table 2.2 were calculated in a similar way.

It was found by Dezerald et al [51] that values for the LT computed using anisotropic

elasticity, which were corrected for dislocation core energy contributions, were 35%

less than the DFT values. They noted that this discrepancy illustrates �the limitation

of applying elasticity to highly localized processes like kink-pair formation, which
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involves dislocation segments with a length comparable to the core radius.� They

also noted that the di�erence between isotropic and anisotropic elastic LT values was

much smaller than the di�erence between the elastic and DFT LT values, con�rming

that �the discrepancy does not stem from anisotropy, but that it is related to the

atomistic nature of the process.�

2.2.2 Elastic Interaction Model

In the low stress and higher temperature regime that applies for this model, thermal

�uctuations are large enough to allow fully developed kink-pairs (i.e. the leading part

of the kink-pair nucleus reaches the next potential valley) to form on the dislocation.

The kinks interact elastically with each other, and in the saddle con�guration this

attractive elastic interaction (EI) is just balanced by the applied stress, which tends

to pull them apart. The saddle con�guration is shown in Figure 2.1(a), where it can

be seen that the kink separation L is greater than the kink width w in this regime.

The enthalpy H for a kink-pair in this regime consists of the energy of two isolated

kinks 2Uk, their interaction energy Ikk and the work done by the applied stress τ :

H = 2Uk + Ikk − τbhL, (2.34)

where h is the distance between potential valleys (note that this is λ in Figure 2.1).

The interaction energy Ikk is given by [46]

Ikk = −µb
2h2

8πL
, (2.35)

where µ is the elastic shear modulus, to �nd the activation energy, H must be

maximised with respect to L:

L∗ =

(
µbh

8πτ

)1/2

; (2.36)
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i.e. L∗ is the critical separation of the kinks for which H is at a maximum, which

de�nes the saddle-point con�guration. The activation energy is therefore given by

∆H = 2Uk

[
1−

( τ
τ ∗

)1/2
]
, where τ ∗ = 2Uk

[
2π

h3b3µ

]1/2

. (2.37)

2.2.3 Model Validity

Equation (2.36) shows that as the applied stress τ increases, the critical separation

of the kinks L∗ decreases; when this separation approaches the kink width w and

below, the validity of the EI model becomes questionable. This is because the elastic

strain �elds of the two kinks begin to overlap more than can be handled by linear

elasticity (i.e. Hooke's law becomes invalid). A physical picture using the Peierls

potential is then required to describe the kink-antikink interaction; however, at this

stage, where L ∼ w, the line tension model is not appropriate either as there is no

�bulge� (dy
dx

is imaginary).

Caillard and Martin [46] have estimated the stress interval where neither of the

models apply. They use the abrupt potential, which is shown in Figure 2.2, to do

so, as the kink width is well de�ned for this potential:

w = h

(
U0

2∆U

)1/2

, (2.38)

and equating this with Equation (2.36) leads to

τ (EI)
max =

µb

4πh

∆U

U0

, (2.39)

which gives an estimate of the maximum stress allowed in elastic interaction (EI)

model. For an estimate of the minimum allowed stress in the line tension (LT)

model, he uses the constraint that the critical bulge must not extend more than the

distance between Peierls valleys; i.e. ys ≤ h, which leads to

τ
(LT)
min =

∆U

hb
. (2.40)

It may be helpful to express these as a fraction of the Peierls stress. As the abrupt

potential has an in�nite Peierls stress, that of the parabolic potential will be used
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instead, as it shares a similar quality in that it keeps the dislocation trapped in the

Peierls valley (until the Peierls stress is met). This gives

τ (EI)
max

τp
=

µb2

16πU0

≈ 1

16π
and

τ
(LT)
min

τp
=

1

4
. (2.41)

where double the standard isotropic elasticity estimate for the LT (≈ µb2/2) has

been used to take into account the �ndings of Dezerald et al [51].

Caillard has more recently shown [37] for α-Fe at room temperature that the EI

model is not consistent with a stress of 37 MPa. This was done by comparing an

experimentally determined activation area with that predicted by the EI model; i.e.

from Equation (2.37)

∆A = −1

b

(
∂∆H

∂τ

)
T

=

(
h3bµ

8πτ

)1/2

= hL∗ (2.42)

Using Equation (2.41) and τp ≈ 400 MPa, we obtain τ (EI)
max ≈ 8 MPa, which is,

considering the two unphysical potentials that were used to derive this estimate,

surprisingly consistent with the experimental �nding that τ (EI)
max < 37 MPa. So, we

may take Equations (2.41) as providing at least loose estimates of τ (EI)
max and τ (LT)

min .

2.2.4 Kocks' Law

The simple LT model described above has been shown to be consistent with experiment

using the anti-parabolic potential by Argon [15] and the reference data in Table 2.2

is most closely described by use of the model with a sinusoidal potential. Also, for

high stresses close to τp, a functional form for the activation energy that is derived

using the Eshelby potential is often used to �t experimental data [33,46,54,58]:

∆H =
12

5
Uk

[
2

3

(
1− τ

τp

)]5/4

. (2.43)

The form of Equations (2.33), (2.37) and (2.43) indicate that, in general, ∆H can

be described by an equation of the form

∆H = ∆H0

[
1−

(
τ

τp

)p ]q
, (2.44)
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where p and q are adjustable parameters and ∆H0 = 2Uk is the energy of two

isolated kinks (i.e. under zero applied stress). This equation is widely referred to as

�Kocks law� after Kocks et al [17] who proposed it.

Given the inadequacy of the EI and LTmodels to accurately describe an intermediate

stress regime, in addition to the fact that the Peierls potential is modi�ed by the

applied stress tensor [25,26], the phenomenological generalisation of Kocks' law is

commonly used to describe the stress dependence of the activation energy. It is

�tted to atomistic data through the adjustable parameters p and q, which may take

values of 0 < p ≤ 1 and 1 ≤ q ≤ 2.

2.3 The Frequency Prefactor

As stated earlier, the frequency prefactor for the kMC event rates f could be

estimated using HTST:

f =

∏3N
i=1 νi∏3N−1
i=1 ν ′i

, (2.45)

where N is the number of atoms in the system and the νi and ν ′i are the vibrational

frequencies of the system in the ground state and at the saddle point, respectively

(one of the frequencies at the saddle point is imaginary corresponding to a negative

eigenvalue of the Hessian matrix). However, this is computationally expensive for

large systems. An approximation to this (approximation) would be to only consider

L/b degrees of freedom, where L is the length of the dislocation, and solve the string

di�erential equation for the dislocation in both states, i.e. Equation (2.7) with an

inertial term, to obtain the vibrational frequencies [59]. In practice, however, simpler

estimation methods are used, some of which are described in the following. Also,

since only kink-pair nucleation rates need to be considered in this work (as will be

explained later) the prefactor will be designated fkn from now on.

The simplest form of estimation has been to use the Debye frequency νD
[6,60�63],

which corresponds to uncorrelated atomic motion, of the element being modelled.

This is an overestimate, though, as a dislocation through its line tension correlates

the motion of its constituent atoms, and so the atomic motions should have longer
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wavelengths. A better estimate given in Caillard and Martin [46] is

fkn =
b

l
νD, (2.46)

where l is the length of the dislocation segment in question. A slightly more

complicated estimate, which is commonly used [12,19,21], is given by the fundamental

mode of the Granato-Lücke vibrating string model, which is described in Anderson,

Hirth and Lothe [2],

fkn =
π

l

√
µ

ρ
, (2.47)

where µ and ρ are, respectively, the shear modulus and the mass density of the

material in question (
√

µ
ρ
is the shear wave velocity). This is similar to the fundamental

harmonic f of a vibrating string:

f =
1

2l

√
TL

(m/l)
, (2.48)

where TL is the line tension and m is the mass.

Finally, a form of estimation that can be inferred from Taylor [64], is to assume

that a dislocation segment's velocity obeys a Boltmann distribution as it passes

through the saddle point during kink-pair nucleation, then

fkn =
1

ys

(
kBT

2πm

)1/2

, (2.49)

where ys is the distance of the saddle point from the ground state position.

The last two methods of estimation require that the dislocation mass per unit

length is known. For a screw dislocation, this is obtained from [15,17,65]

U(v) =
U0√

1− (v/cs)
2
' U0 +

1

2

(
U0

c2
s

)
v2 + · · · (v/cs � 1) ; (2.50)

i.e. a dislocation's line energy per unit length as a function of its velocity v is the

dislocation line energy per unit length in the ground state U0 ' TL scaled by a

�Lorentz� factor, where cs =
√

µ
ρ
is the shear wave velocity. Assuming the standard
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Table 2.3: Showing the formulae and calculated values, using α-Fe parameters, of the
estimates for fkn discussed in this section. The parameters used were θD = 470K (note that
h here is Planck's constant), b = 2.49 Å, l = 30b, the room temperature shear modulus [66]

µ = 71 GPa, ρ = 7874 kg m−3, ys = 2.31 Å (i.e. the distance between Peierls valleys),
T = 300 K and U0 ' TL = 3.57 eVÅ−1.

Debye Caillard G-L String String Taylor

Formula νD =
kBθD

h

b

l
νD

π

l

√
µ

ρ

1

2l

√
µ

ρ

1

ys

(
kBT

2πlU0

µ

ρ

)1/2

fkn/1011 s−1 97.9 3.26 12.7 2.01 0.511

kinetic energy formula, the mass is then given by

m = l
U0

c2
s

. (2.51)

Using these formula with α-Fe parameters, values for fkn ranging from 1010 to

1013 s−1 are obtained. These calculated values are shown in Table 2.3 along with

their respective formulae after substituting for m.

Given the spread of values for these methods of estimation it would seem that the

best approach is to �t the prefactor to experimental data as was done by Katzarov

et al [11], and this is the method adopted in this work.
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The Kinetic Monte Carlo Model

Dislocation kMC models are based on a grid structure to replicate the form of

a lattice, with the minimum spacing between points in one direction being the

magnitude of the Burgers vector of the dislocation b and the spacing in the other

direction(s) being the unit kink-height h; i.e. the spacing between Peierls valleys.

The elementary events of kink-pair nucleation and migration that these dislocation

simulations progress through are illustrated in Figure 3.1 for a 1
2
〈111〉{110} screw.

Kink annihilation is a special case of either of the former, occuring when opposite

kinks meet on the same plane. Activation energies for these events depend on

the local stress conditions, which can be determined through the use of isotropic

elasticity to calculate energy interaction terms between dislocation segments or the

local stress can be calculated directly.

3.1 Previous Studies

The earliest dislocation kMC model was introduced by Lin and Chrzan [19]. They

studied the e�ect of �nite simulation cell size on dislocation velocity and showed that

for low applied stresses dislocation velocity decreased with dislocation length. At low

applied stresses kink-pairs are more unstable and can annihilate immediately after

nucleation. The free surfaces in their simulations stabilised kink-pairs that nucleated

near to them, acting as kink sources; however as dislocation length increased and

the ratio of surface to bulk nucleation sites decreased, velocity was seen to decrease.

At high stresses where kink-pairs are more stable, dislocation velocity was seen to

29
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Figure 3.1: Illustrating the kMC events that describe screw dislocation glide in bcc
metals [13].

increase with length, due to more nucleation sites being available. They avoided the

bottleneck of kMC simulations where almost all embryonic kink-pairs of separation

b annhilate immediately after nucleation by choosing the kink-pair separation to

be 20b. Cai et al [60] improved upon this by using a survival probability method

to calculate the rate at which kink-pairs of a prescribed separation form from an

embryonic state of separation b in their simulations of a dissociated screw dislocation

in silicon. They also incorporated atomistic data regarding energy barriers and used

periodic boundary conditions to avoid surface e�ects. The former models were two-

dimensional, a three dimensional model was later introduced by Cai et al [61], which

simulated a screw dislocation in a bcc metal. Kink-pairs could nucleate on three

types of {110} planes as shown in Figure 3.2 where the planes intersect a 〈111〉

direction along which a dislocation is mostly aligned. Figure 3.3 illustrates possible

kink intersections permitted in this model. When opposite kinks that have formed

on di�erent planes intercept, they cannot annhilate and are constrained to move

together due to the forces due to the external stress acting on them in opposite
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Figure 3.2: Schematic representation of a dislocation in a bcc metal in the kMC model.
The dislocation line is mostly aligned along a 〈111〉 direction. Kink-pairs can nucleate on
any of three types of {110} plane a, b and c. A kink-pair nucleation event is shown at
position I and a kink migration event is shown at position II, both in dashed lines [61].

Figure 3.3: Schematic representation of the formation of (a) two kinks forming a cross-
kink, (b) more kinks joining the cross-kink in a pile-up, and (c) debris loop L formation
with the primary dislocation breaking away from the self-pinning point A. [61].
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directions (sect. 1.3.2). A cross-kink is thus formed (Figure 3.3(a)), which moves

relatively slowly compared with solo kinks and may even stop moving altogether,

and so acts as a pinning point for the dislocation. More kinks can pile-up at the

initial pinning point (Figure 3.3(b)) and the dislocation may be able to break free if

a certain combination of kinks pile-up forming a debris loop in the process (Figure

3.3(c)). The presence of these pinning points/pile-ups mean that many kink-pairs

will annihilate without contributing to overall dislocation motion, and dislocation

velocity will eventually stop increasing with length at high stresses, even slowing

down, in contrast to what Lin and Chrzan [19] demonstrated. In the same model,

Cai et al [61] used a line tension model to calculate the kink-pair nucleation enthalpy

as a function of applied stress, using as input atomistic data for the nucleation energy

barrier in the absence of external stress (cf. ∆H0, Equation (2.44)). They also dealt

with kink migration events di�erently in this model, as the energy barrier for kink

migration in bcc metals is negligible, and so it's not a thermally activated (rare)

event. It's limited by a phonon drag mechanism and, in this model, it was assumed

to occur at a constant speed vk, which was calculated for each kink according to the

local stress conditions every kMC step:

vk =
τeffb

B
, (3.1)

where τeff is the e�ective local stress �eld (resolved in the glide plane) composed of

the applied stress �eld and stress �eld contributions from other dislocation segments,

and B is the drag coe�cient.

Dislocation solute interactions were introduced by Deo et al [20] in their kMC

model of a 1
2
〈111〉{110} screw in bcc Tantalum. The dislocation motion was planar

with solute atoms distributed in three-dimensions. Simulations were performed

to determine dislocation velocity as a function of stress, temperature and solute

concentration. They accounted for the presence of solute atoms with respect to

kink-pair nucleation by adding an energy parameter to the nucleation enthalpy

when the nucleation site was at a solute position. The e�ect of solute atoms on

kink migration was dealt with in two ways. For solute atoms that were further than

a prescribed distance from a kink, they were accounted for elastically by adding a

contribution to the local stress �eld that the kink experienced and the kink would
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migrate according to Equation (3.1). Solute atoms that were closer to kinks were

accounted for by making the kink migration a thermally activated event; i.e. the

solute atoms constituted an energy barrier to kink motion � a solute-dislocation

core interaction � and the velocity with which a kink bypassed a solute along its

path was described by an Arrhenius type equation with a stress and temperature

dependent prefactor. They found that solute atoms served to reduce the dislocation

velocity and that the dominant solute-dislocation interation was the short-range

core interaction rather than the long-range elastic one due to the stress �elds. They

noted that the accuracy of their simulations was limited by uncertainty in atomistic

parameters such as single kink energy, solute�dislocation core interaction energies,

etc.

Building upon the previous work of other authors, Stukowski et al [21] entirely

parameterised their kMC model for a screw dislocation in bcc tungsten, which

allowed for cross-slip following Cai et al [61], with atomistic calculations based on

an EAM� potential, �tting their kink-pair nucleation enthalpy data to a Kocks' law

(Equation (2.44)) and incorporating the variation of CRSS with pure shear stresses

applied on di�erent MRSS planes; i.e. non-Schmid e�ects. Although they didn't

include non-glide stresses in their model, they still showed that the non-Schmid

e�ects that they did include had a strong in�uence on the dislocation velocity.

More recently, Katzarov et al [11], advancing the model by Deo et al [20], studied

the e�ect of hydrogen, an interstitial solute, on screw dislocation velocity in α-Fe.

They incorporated recently available, more accurate atomistic data based on DFT

calculations, which included kink-pair nucleation and kink migration energies, both

as a function of hydrogen concentration. These data parameterised a line tension

model such that kink-pair nucleation energy as a function of applied stress could

be obtained. In contrast with the model by Deo et al [20], their model allowed for

cross-slip of the dislocation as in the model by Cai et al [61]. They were able to

make quantitative estimates regarding the ratio of dislocation velocities obtained

from simulations that included hydrogen to the velocities obtained from simulations

for pure iron, after identifying regimes of applied shear stress, temperature and

�An EAM or embedded atom model describes approximately the energy between atoms; i.e. it's an interatomic
potential. Contrast with DFT which uses full electronic structure calculations, but which cannot, however, model
as large a system size as possible with an interatomic potential.



Implementation 34

hydrogen concentration within which the dislocation velocity di�ered from that in

pure iron.

A �nal model that will be considered is that of Shinzato et al [13]. They studied

the e�ect of the substitutional solute of silicon on screw dislocation velocity in

α-Fe parameterising their model on atomistic calculations based on interatomic

potentials. Their model didn't allow for cross-slip of the dislocation, however,

and they noted that, although their results agreed qualitatively with experimental

observations (e.g. dislocation velocity increased at low temperatures in the presence

of silicon compared with that in pure iron, i.e. solid solution softening, and the

reverse at high temperatures, i.e. solid solution hardening), there was a quantitative

discrepancy between their results and experiment, which they identi�ed with the fact

that their simulations were two-dimensional. This demonstrating the importance of

accounting for three-dimensional kink behaviour such as cross-kink formation as

described in the model by Cai et al [61].

3.2 Implementation

The model presented in this work follows that of Cai et al [61] and is described as

follows. The dislocation has a maximum length of LD = 1000b consisting of pure

screw segments of length b =
√

3
2
a0, where a0 is the lattice parameter of α-Fe,

oriented along the 1
2
[111] direction, and kinks of length h =

√
6

3
a0 oriented along

any one of six 1
3
〈112〉 directions. Periodic boundary conditions are applied along

the 1
2
[111] direction such that kinks exiting the dislocation at one end will reenter

from the other. The kinks are represented by pure edge segments, i.e. they have

zero width (e.g. Figure 2.1(a) with w = 0 or the kinks in Figure 3.1), which is an

appropriate approximation when the kink-pair separation L is greater than the kink

width w [11,63]. This has been shown to be the case by Itakura et al [32] who showed

that w ≈ 10b and L ≈ 20b with their line tension model. The model presented here

doesn't distinguish between left and right kinks nor does it allow for the climb of

edge segments.

Figure 4.1 shows glide planes of the [111] zone: the six 1
3
〈112〉 directions are

contained in the three {110} glide planes of the zone; the x-, y- and z-directions are
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Figure 3.4: �Schematic view of the glide planes of the [111] zone. A generic MRSS plane
is labeled in red, while, by way of example, the (1̄01) is the glide plane. [21]�

oriented along the [111], [112̄] and [1̄10] directions, respectively; the ±(1̄10), ±(1̄01)

and ±(01̄1) planes, respectively, correspond to the `a', `b' and `c' type planes referred

to in Figure 3.2; the angle θ is measured in an anti-clockwise sense from the (1̄10)

plane; the angle θMRSS is measured from the (1̄10) plane to the MRSS plane; and

the angle χ is measured from the active glide plane to the MRSS plane.

As non-Schmid e�ects are not considered in this model, only two components of

the applied stress tensor τ need to be speci�ed for a kMC run. From the Peach-

Koehler formula (1.6), for a dislocation with b = bex and ξ = ex, we have

f = b(τxzey − τxyez), (3.2)

such that the stress component τxz > 0 induces glide in the +y-direction along `a'

type planes and the component τxy < 0 leads to a force in the +z-direction, and so

induces cross-slip on to `b' and `c' type planes. The MRSS plane is thus speci�ed

by

θMRSS = tan−1

(
−τxy
τxz

)
, (3.3)
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and the resolved shear stress (RSS) in the glide plane for the ith screw segment is

given by

τi(θ) = ex · τ eff
i · n̂ = ex ·

(
τ +

∑
j

τij(rij)

)
· (−ey sin θ + ez cos θ)

= −τ eff
i,xy sin θ + τ eff

i,xz cos θ, (3.4)

where ex is the slip direction, n̂ is the glide plane normal and τ eff
i is the e�ective

local stress that the segment experiences due to contributions from the applied stress

�eld and the stress �elds of all other j segments. The distance between the ith and

jth segments is rij, with the stress �eld of the jth segment being evaluated at the

ith segment's midpoint. The internal stress �eld contributions are computed using

non-singular isotropic� elasticity theory [69]. Both the kink-pair nucleation rate on

each screw segment and the the kink velocity depend on the e�ective local stress

�eld, with the velocity of each kink vki being proportional to its driving force:

vki =
1

B

(
b · τ eff

i

)
× ξi =

b

B

(
τ eff
i,xyey + τ eff

i,xzez
)
× (ey cos θ + ez sin θ)

=
b

B

(
τ eff
i,xy sin θ − τ eff

i,xz cos θ
)
ex, (3.5)

where B = (2.7 + 0.008T ) × 10−5 Pa s [70]. There are six kink-pair nucleation rates

for each screw segment, which correspond to forwards and backwards nucleation on

each type of plane:

J+/−
θ,i = fkn exp

(
−∆H(τi(θ))

kBT

)
, (3.6)

and writing ∆H(τi(θ)) in a Kocks' law format, we have

∆H(τi(θ)) = ∆H0

[
1−

(
τi(θ)

τp

)p ]q
for θ = 0,

π

3
, −π

3
, (3.7)

which corresponds to forwards nucleation on `a', `b' and `c' planes, respectively, and

∆H(τi(θ)) = ∆H0

{
2−

[
1−

(
τi(θ)

τp

)p ]q}
for θ = π, −2π

3
,

2π

3
, (3.8)

�Although α-Fe is in general an anisotropic elastic material, the shear modulus in the [111] zone is isotropic [67,68],
and so this mitigates the e�ect of using an isotropic theory.
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which corresponds to backwards nucleation on `a', `b' and `c' planes, respectively.

A simulation then proceeds according to the following algorithm.

1. At the beginning of each kMC step, stress is calculated along the entire

dislocation line, such that the kink velocities and the kink-pair nucleation

rates on each screw segment can be determined using Equations (3.5) and

(3.6), respectively.

2. Assuming that the kinks move with constant velocity, a migration time

tmig is computed, which is the time that the fastest kink takes to migrate

a prescribed distance xmig, or before any kink reactions occur (i.e. kink

annihilation, cross-kink formation or debris loop formation).

3. A nucleation time tnuc is randomly selected from the exponential distribution,

according to the total dislocation line nucleation rate (cf. Section 1.2).

4. If tmig < tnuc, then each kink is migrated a distance |vki| × tmig, any kink

reactions are carried out and the simulation time is incremented by tmig.

Otherwise, each kink is migrated a distance |vki | × tnuc followed by kink-pair

nucleation on a screw segment, the segment chosen according to the standard

kMC algorithm (Section 1.2). Time is incremented by tnuc and the algorithm

returns to step 1.

Two further points to note are that cross-kink/kink pile-up velocity is computed

as the arithmetic mean of the velocities of the constituent kinks according to τ eff
i

each kMC step, and that upon debris loop formation� the pile-up is reduced in size

and the dislocation line is reduced in length according to the size of the debris loop.

3.3 Dislocation Velocity

Under high stresses, kink-pair nucleation time is the rate-limiting step in dislocation

motion, and according to Anderson, Hirth and Lothe [2], the velocity v of a dislocation

normal to itself moving under stress by the kink-pair mechanism is given by

v = hXJ, (3.9)

�In pile-ups of three or more kinks, a simple algorithm detects when a kink start point equals the end point of
another kink.



Dislocation Velocity 38

where J is the kink-pair nucleation rate per unit length of the dislocation and X

is the average distance along the dislocation swept out by one kink pair before

it annihilates with the kinks from other pairs, which assumes motion on a single

plane. When the dynamics is governed by the existence of a single kink-pair on

the dislocation line at any one time, X is simply the length of the dislocation LD,

the distance at which the kink-pair will annhilate with its periodic image, and JLD

is the total nucleation rate of the perfectly straight dislocation. Kink migration

is assumed to be instantaneous� in this case. For higher average concentrations of

kink-pairs on the dislocation line, a suitable measure for X is the geometric average

X =
LDc

−1
kp

LD + c−1
kp

, (3.10)

where ckp is the average concentration of kink-pairs. A geometic average is appropriate

as LD and ckp are competing quantities. This is because v will increase with LD due

to more nucleation sites becoming available; however, as ckp increases the distance

between kink-pairs becomes important also, as the kink-pairs will annihilate before

traversing the length of the dislocation, which serves to reduce v compared with the

single kink-pair dynamic. For example, for ckp > 1 the kMC clock is incremented

by nucleation time more than once, but the dislocation will still only advance by h

in that time. Although the average kink-pair concentration can readily be obtained

from simulations, it can also be determined from the condition of steady-state motion

of the dislocation. This requires that the migration time between annihilation events

equals the average time required for a nucleation event over the average length of a

growing kink-pair [2,71]:(
c−1
kp

)
/2

vk
=

1

J
(
c−1
kp

)
/2

⇒ c−1
kp = 2

√
vk
J
, (3.11)

where vk is the average kink velocity so that

v = 2h
√
Jvk

LD

LD + c−1
kp

, (3.12)

where J would be the average simulation nucleation rate in this case.

�Simulations have shown kink migration times to be up to 1018 smaller than nucleation times
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Results and Discussion

In order to determine the viability of the kMC model, a number of tests have been

performed. These tests and their results will now be described in the following

sections.

4.1 Comparison with Reference Data I

The results of the attempt to replicate the pure iron velocity data from Katzarov et

al [11] will be presented in this section.

The parameters used are listed in Table 4.1. Where possible they were obtained

from the reference; however, with two exceptions: the non-singular elasticity theory

core cut-o� parameter rc and the frequency prefactor fkn. The cut-o� parameter

was calibrated such that the excess energy of a dislocation under zero applied stress

with a kink-pair of separation of L = 30b equalled 0.69eV, as stated in the reference.

The value of the cut-o� parameter was determined to be rc = 0.305b, whereas the

reference value is rc = 0.48b: this di�erence most likely being the result of using

di�erent values for the elastic shear modulus µ and Poisson's ratio ν, which were

not given in the reference. The reference frequency prefactor was calibrated such

that the dislocation velocity matched an experimentally estimated value [37]. The

same method was used in this work; however, calibrating the prefactor such that

the dislocation velocity matched the reference value at a temperature of 300 K with

an applied stress of 50 MPa. This still led to a good match with the experimentally

estimated velocity at T = 300 K and τ = 33 MPa. The prefactor came out to be

39
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Table 4.1: List of parameters and functional dependencies used in the kMC model.

Parameter Value or Function Units

a0 2.87 Å

b a0

√
3/2 Å

h 2.31 Å

µ 71 GPa

ν 0.28 �

rc 0.305 b

xmig 5 b

L 30 b

LD 1000 b

vki B−1
(
b · τ eff

i

)
× ξi m s−1

τ eff
i τ +

∑
j τij(rij) MPa

B (2.7 + 0.008T )× 10−5 Pa s

∆H(τi(θ)) ∆H0 [1− (τi(θ)/τp)
p ]
q

eV

∆H0 0.69 eV

τi(θ) ex · τ eff
i · n̂ MPa

τp 258 MPa

p 1 �

q 1 �

fkn 1.05× 108 s−1

θMRSS π/12 rad

fkn = 1.05 × 108 s−1 compared with the reference value of fkn = 2.31 × 109 s−1.

The di�erence between these values most likely originating from the method of

determining the kink-pair nucleation enthalpy, which will be described as follows.

Making the assumptions of both a constant activation volume and that the kink-

pair is fully formed at the saddle point, we have

V = const = −
(
∂∆H

∂τi

)
T

= − ∂

∂τi

{
∆H0

[
1−

(
τi
τp

)p ]q}
=

∆H0

τp
, (4.1)

as it must be the case that p = q = 1 for a constant V . From the second assumption,

we must have V = 30b2h, as the area swept out by the nucleating kink-pair is 30bh.
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The Peierls stress is then

τp =
∆H0

30b2h
' 258 MPa. (4.2)

The assumptions made are oversimpli�cations: the activation volume does depend

on stress (cf. Figure 2.1(b)) and a kink-pair is always a bulge at the saddle point

in a high stress regime (cf. Section 2.2.1). A more physical assumption for the size

of the critical bulge would have been to assume that the kink-pair is half formed at

the saddle-point (resulting in a Peierls stress twice as large); however, it was found

that the former led to results that were more consistent with the reference data.

The simulations were set up for non-symmetrical triple slip conditions: the MRSS

plane cuts the base (1̄10) plane/y-axis with θMRSS = 15◦ (see Figure 3.4), such that

slip occurs mainly on `a' , planes, is less likely on `b' planes and is least likely on

`c' planes. The results of the simulations were each obtained with a minimum of

105 kMC steps with each kMC step consisting of a minimum of 10 segment moves,

assuming a single kink-pair on the dislocation line at any one time with xmig = 5b.

Running on a 3 GHz 20 MB cache i7 processor, 105 kMC steps took ≈ 135 hrs

to complete. The results are shown in Table 4.2, with the obtained values being

the average dislocation velocity magnitude over a simulation. As can be seen, the

obtained velocities are in good agreement with the reference values, with the largest

discrepancies occuring for τ = 200MPa. A feature of the simulations for τ = 200MPa

was that the kink-pairs almost always nucleated on the primary (1̄10) plane; this

being due to the low Peierls stress being approached and the exponential dependence

of the nucleation rates. In contrast with the reference results, however, no cross-kink

formation was observed at T = 400 K with the kink migration times being 103 - 107

times smaller than the nucleation times at this temperature.

The predicted values in the third column are those based on the total nucleation

rate of an unkinked dislocation (initial rate), calculated using Equation (3.9). For

glide on a single plane and with one kink-pair on the dislocation line at any one time

the obtained values would equal the predicted values after in�nitely many kMC steps

(see footnote Section 1.2). This would be the case as the kMC simulation time would

be composed of timesteps based on the initial rate, with the kink migration times

making a negligible contribution. The percentage di�erences between the predicted
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Table 4.2: Showing the simulation velocity data. The predicted values are based on the
total nucleation rate of an unkinked dislocation, the obtained values are the results from
kMC runs, and the percentages are the di�erences between the obtained and predicted
values. The reference data are the pure iron velocities from Katzarov et al [11].

v/nm s−1

T/K τ/MPa Predicted Obtained Reference

150 50 3.68× 10−9 3.61× 10−9 (1.9%) 4.13× 10−9

100 7.49× 10−5 7.39× 10−5 (1.3%) 4.69× 10−5

200 35.0× 103 34.7× 103 (0.86%) 6.10× 103

300 50 11.75 10.79 (8.2%) 10.65

100 1.44× 103 1.37× 103 (4.9%) 1.10× 103

200 2.92× 107 2.89× 107 (1.0%) 1.25× 107

400 50 2.96× 103 2.53× 103 (15%) 2.46× 103

100 9.96× 104 9.49× 104 (4.7%) 7.68× 104

200 15.9× 107 14.8× 107 (6.9%) 8.38× 107

Table 4.3: Showing simulation velocity data in nm s−1 for di�erent values of θMRSS. The
values in parentheses are the predicted velocities based on the initial rate.

1 Plane θMRSS = 0 θMRSS = 15◦ θMRSS = 30◦

300 K
50MPa

10.67(10.88) 11.30(12.52) 10.79(11.75) 9.22(10.95)

400 K
200MPa

2.37(2.65)× 108 2.37(2.65)× 108 1.48(1.59)× 108 6.06(6.64)× 107

and obtained values in Table 4.2 are consistent with convergence to the predicted

values. The percentage di�erences decrease with increasing stress in all but one

case. This is due to dislocation cross-slipping less with increasing stress (though,

the number of cross-slip events increases with temperature), and so the motion

becoming more planar. When the dislocation cross-slips it can go back on itself (in

the z-direction), which leads to a lower average velocity. The discrepancy in the

trend in the percentage di�erences occurs for T = 400K and τ = 200 MPa. This is

because there are extra kink-pair nucleation events at this temperature and level of

stress, in contrast with the other temperatures and levels of stress where the single

kink-pair dynamic applies. The extra kink-pair nucleation events serving to reduce

the average velocity compared with the single kink-pair case, which is assumed for

the predicted values.
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Table 4.3 shows obtained dislocation velocities for di�erent values of θMRSS

and also for when the dislocation is restricted to one plane only. The values in

parentheses are the predicted velocities based on the initial rate. The 300 K 50 MPa

velocity for motion on a single plane is the closest of the results to its predicted

value, as the dislocation doen't get slowed by cross-slipping events. It's predicted

velocity is also the lowest of the 300 K results, as the initial nucleation rate doen't

have contributions from event rates for transitions to other planes. A general trend

in the results is that the velocities, both predicted and obtained, decrease as θMRSS

increases. This is due to both an increased frequency of cross-slip events and due

to the applied stress becoming less e�ective. Only when θMRSS = 0 is the applied

stress focused completely on one plane; in other cases, the τxy component is focused

on a plane of constant y, and this is not a slip plane. Therefore, some of the applied

stress is �wasted.� The low Peierls stress being approached accentuates this �wasted�

stress e�ect in the 400 K values, where the θMRSS = 0 values are ≈ 4 times greater

than the θMRSS = 30◦ values.

4.2 Comparison with Reference Data II

In this section the results of testing the model against the pure iron velocity data

from Shinzato et al [13] will be presented.

The Shinzato et al kMC model is two-dimensional only (i.e. glide occurs on a

single plane) and kink migration is de�ned by a constant rate with a zero energy

barrier for pure iron, so that at each kMC step either a nucleation event or a

migration event is chosen according to their probabilities. Also, the activation

energies in this model include a linear dependence on temperature. The parameters

used and functional dependencies are shown in Table 4.4. The same lattice parameter,

value of h, 300 K shear modulus and Poisson's ratio are used as previously for

convenience, and the constant velocity method of kink migration is retained. The

core cut-o� parameter in this case was calibrated such that the excess energy of a

dislocation with a kink-pair of L = 25b was 0.64 eV, which gave rc = 0.323b.

The results are shown in Table 4.5, with each result being obtained with 104

kMC steps. The column headings have the same meaning as for Table 4.2; however,
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Table 4.4: List of parameters and functional dependencies used in testing the model
against the Shinzato et al reference data. Tm is the melting point of iron.

Parameter Value or Function Units

a0 2.87 Å

b a0

√
3/2 Å

h 2.31 Å

µ 71 GPa

ν 0.28 �

rc 0.323 b

xmig 5 b

L 20 b

LD 1000 b

vki ±bτ eff
i,xzex/B m s−1

τ eff
i,xz τxz +

∑
j τ

ij
xz(rij) MPa

B (2.7 + 0.008T )× 10−5 Pa s

∆G(τ eff
i,xz, T )

(
∆H0

[
1−

(
τ eff
i,xz/τp

)p ]q)
(1− T/Tm) eV

∆G0 0.64 eV

τp 1184 MPa

Tm 1811 K

p 0.687 �

q 1.372 �

fkn 2.0× 1010 s−1

the values in parentheses now give the simulation average number of kink-pairs on

the dislocation line Nkp. The reference data were obtained from a logarithmic plot.

The predicted values are consistent with the reference data, and so are the obtained

values where Nkp ≈ 1. Where Nkp > 2 the obtained values di�er from the predicted

and reference values by approximately an order of magnitude. As explained in

Section 3.3, more kink-pairs on the dislocation line serve to reduce v compared with

the single kink-pair dynamic. The predicted values (II) in Table 4.6 use Equations

(3.9) and (3.10) to calculate v based on ckp and the average rate J . As can be seen,

there is good agreement between these predicted values and the obtained ones. The

predicted values I are those from Table 4.5. Shinzato et al claim that they obtain a

linear relation for dislocation glide in pure Fe from their simulations, and extract the

activation enthalpies for each stress level from the slopes of their logarithmic plots.

Indeed this is the case using the predicted (I) velocities, which are plotted in Figure
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Table 4.5: Showing the simulation velocity data. The predicted values are based on
the initial rate, the obtained values are the results from kMC runs, and the values in
parentheses are the simulation average number of kink-pairs on the dislocation line. The
reference data are the pure iron velocities from Shinzato et al [13], which were obtained
from a logarithmic plot.

v/m s−1

T/K τ/MPa Predicted Obtained Reference

50 100 1.36× 10−44 1.26× 10−44 (1.00) ≈ 10−44

500 7.74× 10−18 8.39× 10−18 (1.00) ≈ 10−19

1000 4.42 4.46 (1.02) ≈ 101

100 100 3.75× 10−20 3.75× 10−20 (1.00) 10−20 < v < 10−19

500 3.73× 10−7 4.01× 10−7 (1.00) ≈ 10−7

1000 1.58× 102 39.3 (2.72) ≈ 102

200 100 6.22× 10−8 5.98× 10−8 (1.00) 10−8 < v < 10−7

500 8.19× 10−2 9.18× 10−2 (1.00) 10−2 < v < 10−1

1000 9.42× 102 85.1 (6.48) ≈ 103

300 100 7.37× 10−4 7.54× 10−4 (1.00) ≈ 10−3

500 4.94 3.25 (1.13) 100 < v < 101

1000 1.71× 103 1.09× 102 (9.52) 103 < v < 104

400 100 8.02× 10−2 8.79× 10−2 (1.00) ≈ 10−1

500 38.4 10.8 (2.53) 101 < v < 102

1000 2.30× 103 1.17× 102 (11.0) 103 < v < 104

Table 4.6: Showing for τ = 1000 MPa the predicted velocities based on the initial
rate (I), the predicted velocities based on Equations (3.9) and (3.10) (II), the obtained
simulation velocities, the simulation average number of kink-pairs and the simulation
average nucleation rate.

T/K
Predicted I
v/m s−1

Predicted II
v/m s−1

Obtained
v/m s−1

Avg. No.
Kink-Pairs

Avg.
Rate/m−1 s−1

100 1.58× 102 38.7 39.3 2.72 2.51× 1018

200 9.42× 102 95.2 85.1 6.48 1.24× 1019

300 1.71× 103 1.06× 102 1.09× 102 9.52 1.94× 1019

400 2.30× 103 1.16× 102 1.17× 102 11.0 2.40× 1019
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Figure 4.1: Showing (a) plots of the predicted dislocation velocities based on the initial
rate against inverse temperature and (b) plots of the velocities obtained from simulations
against inverse temperature. The legend in both cases shows the applied stress level and
the slopes of the plots in eV, which are calculated using Equation (4.7).

4.1(a) against inverse temperature, with the activation enthalpies extracted from

the slopes noted in the legend. These values can be veri�ed using the expression

for ∆G and the relevant parameters in Table 4.4 (with T = 0). The slope gives the

activation enthalpy, as from the Gibbs�Helmholtz equation for a constant stress

(
∂(∆G/T )

∂T

)
τ

= −∆H

T 2
, (4.3)

and the relation between the velocity and activation energy [2]

v = v0 exp

(
−∆G

kBT

)
⇒ ∆G = −kBT ln

(
v

v0

)
, (4.4)

we have

∂(∆G/T )

∂T
= −kB

∂

∂T

[
ln

(
v

v0

)]
= −∆H

T 2
, (4.5)

assuming that the velocity prefactor v0 is temperature independent and integrating

−kB ln v =
∆H

T
+ C, (4.6)
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and then di�erentiating with respect to 1/T , we obtain

−kB
(
∂(ln v)

∂(1/T )

)
τ

= ∆H. (4.7)

However, at high levels of stress this relationship breaks down, as Nkp > 2. Figure

4.1(b) shows plots of actual simulation data, with the legend showing the slopes in

terms of eV once more. The slope of the τ = 1000 MPa plot di�ers by ≈ 50% from

that in Figure 4.1(a), and so no longer gives the activation enthalpy. As a check on

the simulation data, the dislocation velocity can be predicted using only the input

parameters and the assumption of a steady state, which Shinzato et al state that

their simulations reach. From Table 4.4, we have

∆G =

(
∆H0

[
1−

(
τ eff
i,xz

τp

)p ]q)(
1− T

Tm

)
, (4.8)

and the nucleation rate J per b is

J = fkn exp

(
−∆G

kBT

)
, (4.9)

neglecting any internal stresses (i.e. equating τ eff
i,xz with the applied stress) and using

the parameters in Table 4.4, we obtain for T = 400 K and τxz = 1000 MPa

J = 9.9696× 109 b−1 s−1 = 4.0111× 1019 m−1 s−1. (4.10)

Now, the kink speed is given by Equation (3.1):

vk =
τxzb

B
= 4212.7 m s−1,

and using Equations (3.11) and (3.12), the predicted velocity is v = 175.4 m s−1,

which is consistent with the predicted (II) and obtained velocities in Table 4.6.

Although this result is greater than the latter, the average simulation rate will

always be lower than the one just used in the calculation. Therefore, it must be

the case that either the Shinzato et al kMC simulations are �awed or they simply

just calculated the velocities using the initial rate without taking into account the

presence of multiple kink-pairs to obtain their pure iron data.
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Figure 4.2: Showing a three-dimensional simulation plot of a kinked dislocation line in
blue and trailing debris loops in red

4.3 General

Further results from tests, which used the parameters in Table 4.1, are reported in

this section. As no cross-kink or debris loop formation was observed for p = q = 1,

tests were also carried out with p = 0.2 and q = 2, with this adjustment increasing

the nucleation rates such that the kink migration times and the nucleation times

became of the same order of magnitude. Table 4.7 shows the obtained simulation

velocity for this case and with T = 400 K and τ = 50 MPa. The obtained velocity is

Table 4.7: Obtained velocity for p = 0.2, q = 2, T = 400 K and τ = 50 MPa. The
predicted velocity is that based on the initial rate.

Obtained Predicted (I)

Velocity/m s−1 0.862 7.983

less than the predicted (I) velocity based on the initial rate, due to increased kink-

pair nucleation and also due to the formation of cross-kinks and kink pile-ups, which

act as pinning points. Figure 4.2 shows a simulation plot of a kinked dislocation line

in blue and trailing debris loops in red, which result from the dislocation �breaking

free� from the pile-ups. A consequence of the increased number of kinks is that the

simulations took ≈ 300 times longer to complete compared with those described in

Section 4.1, with 104 kMC iterations taking ≈ 15 days to complete in some cases.

This is because the interactions of each kink with every other kink and screw segment

must be calculated.

Figure 4.3 shows plots for an applied stress of 50 MPa and for temperatures of
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Figure 4.3: Showing plots for an applied stress of 50 MPa and for temperatures of 300 K
with p = q = 1 in (a), (c) and (e); and for 400 K with p = 0.2 and q = 2 in (b), (d)
and (f). Dislocation velocity versus length is shown in (a) and (b), kMC timestep versus
iteration number is shown in (c) and (d), and the corresponding kMC timestep versus
average dislocation position plots are shown in (e) and (f). The inset plots in (d) and (f)
show enlarged areas, which both correspond to the same time frame.
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300 K with p = q = 1 in (a), (c) and (e); and for 400 K with p = 0.2 and q = 2 in

(b), (d) and (f). Dislocation velocity versus length is shown in (a) and (b). In (a)

the single kink-pair dynamic rules the motion of the dislocation, and so the velocity

is proportional to the number of nucleation sites, which increases with length. This

relationship breaks down in (b) in a situation where there are multiple kink-pairs on

the dislocation line at any one time. The velocity is seen to increase to a maximum

at l = 300b and then decrease on average above this length, due to increased kink-

pair nucleation, cross-kink formation and the development of kink pile-ups. It must

be noted that less kMC steps were used to obtain the data in (b) In (c) and (d) the

kMC simulation time step versus iteration number is shown for a subset of iterations.

The vertical portions of the plot in (c) show the kink-pair nucleation events, while

the kink migration events are the horizontal portions. This illustrates the orders of

magnitude time di�erence between these events in this regime ruled by the single

kink-pair dynamic, where kink migration is practically instant compared with the

nucleation time. For the situation in (d), where these event are of the same order

of magnitude, they can only be (barely) distinguished in the magni�ed portion of

the plot in the inset �gure. The plot in (e) shows iteration time versus average

dislocation position corresponding to the plot in (c). It is almost identical in form

to that in (c) with most of the distance being covered by the fast kink migration

events. The vertical portions are now slightly slanted compared with those in (c)

due to 3% of the dislocation line moving forward in the nucleation events. Finally,

the plot in (f) shows iteration time versus average position corresponding to the

situation in (d). The magni�ed portion of the curve in the inset �gure shows that

the roughness in the plot corresponds to the dislocation frequently cross-slipping

with its average position increasing and decreasing.



Chapter 5

Summary and Outlook

In summary, a kMCmodel for simulating screw dislocations in iron has been developed

in this research project and introduced in this report. It has been shown that the

model can produce results that are both consistent with those in the literature

and those predicted by theory. The code for this model is available at github.com.

The relevant theory for the kink-pair mechanism was developed in Chapter 2 and,

using input parameters from the literature, it was shown that the analytic LT

model coupled with a sinusoidal potential best described the kink formation energy.

Also the stress intervals where the EI and LT model are valid and methods of

approximating the frequency prefactor were discussed. In Chapter 3 previous kMC

studies and the implementation of this kMC model were described. Also, theoretical

equations for predicting dislocation velocity were introduced so that the results of

simulations could be analysed. It was shown in Section 4.1 of the results that a

simple model for the kink-pair activation enthalpy could numerically reproduce the

pure iron velocity data from Katzarov et al [11]. However, no cross-kink formation

was observed for T = 400 K due to 3 -7 orders of magnitude di�erence between the

kink migration times and the kink-pair nucleation times, depending on the level of

applied stress. In Section 4.2 it was shown that the model reproduced the pure

iron results from Shinzato et al [13]; however, with one exception. This exception at

high stress levels highlighted an error in their data, which was con�rmed by analysis

with the theoretical velocity equations. Finally, in Section 4.3 some other results of

interest were described, including how dislocation velocity varies with length in two

di�erent kink-pair dynamical regimes. In the single kink-pair dynamic velocity is

51
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proportional to length, with this relationship breaking down in the multiple kink-

pair dynamic. The results in all sections were found to be consistent with theory.

This model provides a foundation for future research in this area in which the

interactions between carbon solutes and dislocations will be investigated. The model

needing only parameterisation from atomistic calculations so that the variation of

dislocation velocity with various levels of temperature, applied stress and carbon

concentration can be determined. The atomistic calculations can be performed via

the nudged elastic band (NEB)� method where the activation enthalpy for kink-pair

nucleation will be determined for various concentrations and positions of carbon.

The results can be implemented in the model using the method of Deo et al [20],

which was described in Section 3.1. Non-Schmid e�ects can also be included in the

model, using the results of similar atomistic calculations with varying con�gurations

of the applied stress tensor. This model can also be easily adapted for other bcc

metals.

Lastly, although the Python programming language, in which this model is

coded, is convenient � being easy to read and write � it is also very ine�cient when

it comes to programming loops. The kink and dislocation line segment interactions

are all calculated with the use of loops, and, as noted in Section 4.3, the simulations

can become very slow. Ultimately, to improve performance, the slowest parts of

the code will have to be rewritten in another programming language such as C++

and then an application such as SWIG can be used to integrate the original and

rewritten parts of the code.

�The NEB method �nds the minimum energy path (MEP) connecting initial and �nal atomic con�gurations by
optimizing a number of intermediate images along the reaction path.
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